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ABSTRACT

The present work is concerned with development of innovative damage mechanics models
for constitutive modeling of modern composite materials. Special attention is focused on
micromechanical damage theories to explain and model behavior of composites based on
micromechanics, instead of using phenomenological models with arbitrary thermodynamic
potential functions and arbitrary damage evolution equations. In particular, basic studies are
performed on the notion of isotropic and anisotropic damage variables in continuum damage
mechanics. It is demonstrated that "isotropic damage” does not necessarily imply "scalar dam-
age" representation in general. Furthermore, a micromechanical damage model is presented for
uniaxially reinforced composites with interfacial arc microcracks. All microcracks are assumed
to occur in the fiber/matrix interfaces, and are modeled as arc microcracks. Microcrack-induced
strains and overall compliances are analytically derived based on micromechanical bi-material
arc crack solutions. Both "stationary” and "process” damage models are given. It is emphasized
that the present work does not employ any arbitrary (fitted) "material constants". Finally, a novel
three-dimensional statistical micromechanical theory is proposed to investigate the nonlinear
behavior of microcrack-weakened brittle solids. The macroscopic stress-strain relations of elas-
tic solids with interacting microcracks are micromechanically derived by taking the ensemble
average (over all possible realizations) and volume average. The proposed statistical
micromechanical theory accounts for random microcrack location, distribution, and interaction
without using Monte Carlo simulations. The theory is fundamentally different from existing

effective medium theories and deterministic microcrack interaction method.
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RESEARCH OBJECTIVES

The proposed research work is concerned with development of innovative damage mechan-

ics theories and constitutive modeling of modern composite materials. Micromechanically

based damage theories and models will be actively pursued. Particular attention will be focused

on the construction of physical underlying damage mechanisms based on microstructural con-

siderations. The general goal is to physically understand and mathematically model the funda-

mental damage mechanisms at the local level so that we can simulate randomly oriented distri-

buted microcracks and perform failure analysis of composite solids and structures. The specific

objectives of the proposed research are the following:

1.

Develop proper micromechanically based "damage mode tensors" for different modes of

failure mechanisms.

Develop a set of physical damage loading/unloading fracture criteria for microcracks initia-

tion, growth, coalescence and arrest.

Derive micromechanically-based evolution equations for microcrack growth.

Derive progressively damaged materiai properties (complainces) and obtain damaged
anisotropic multi-phase stress-strain constitutive laws based on micromechanics solutions.
Develop efficient and accurate computational constitutive algorithms for the

micromechanically-based damage models proposed, and perform experimental verification

of the models obtained.
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PARTI:

On the Notion of Isotropic and Anisotropic Damage

Variables in Continuum Damage Mechanics

LO0. Abstract

The present work analyzes the implication and limitation of some “scalar damage’ models. In
particular, thermodynamic potential and “effective stress concept” are re-examined. It is demon-
strated that “isotropic damage” does not necessarily imply “scalar damage” representation in gen-
eral. The notion of isotropic and anisotropic damage variables in continuum damage mechanics is
then discussed. In addition, some results from micromechanical analyses are applied to show the
direct relationship between the fourth-order damage tensor and the damage-induced compliance
tensor characteristic of microcrack-weakened brittle matrix composite materials. It is shown that
even for isotropic damage one should employ an isotropic fourth-order damage tensor (not a scalar
damage variable) to characterize the state of damage in materials, in accordance with the effective
stress concept. In general, however, a damage tensor is anisotropic and should be derived from

micromechanical damage analysis when possible.




I.1. Introduction

Since the first introduction of the scalar damage concept by Kachanov (1958) and Rabot-
nov (1963) for creep of metals, continuum damage mechanics has become an emerging field of
active research. Extensive phenomenological damage models were proposed in the literature to
describe and predict macroscopic constitutive behavior of ductile and brittle materials containing
distributed microdefects such as microvoids and microcracks. We refer to Lemaitre (1984), Kra-
jcinovic (1984,1986,1989), Kachanov (1986), and Ju (1989a) for a literature review. In addition,
micromechanical “non-process” (stationary) and “process” (propagating) damage models for brit-
tle solids with many microcracks were proposed by, e.g., Budiansky and O’Connel (1976), Horii
and Nemat-Nasser (1983,1985), Kachanov (1987), Krajcinovic and Fanella (1986), Sumarac and
Krajcinovic (1987,1989), Fanella and Krajcinovic (1988), Krajcinovic and Sumarac (1989), and Ju
(1989b).

The predictive utility of a damage model depends heavily on its particular choice of a “damage
variable” which serves as a macroscopic approximation in describing the underlying microme-
chanical processes of microdefects. In the current literature, there are many ways to phenomeno-
logically define or micromechanically derive damage variables; see, Krajcinovic (1989) for a state-
of-the-art review. In particular, scalar damage variables were widely used for isotropic or one-
dimensional phenomenological damage models; see, e.g., Lemaitre and Chaboche (1978,1985) for
excellent work. In addition, vectorial, second-order and fourth-order tensorial damage variables
were often used for anisotropic phenomenological damage models; see, e.g, Krajcinovic and Fon-
seka (1981), Vakulenko and Kachanov (1971), Kachanov (1980), Murakami and Ohno (1981),
Chaboche (1979), Cordebois and Sidoroff (1979,1982), and Ju (1989a) for interesting examples.
The simplicity of a scalar damage representation is indeed very attractive. However, a scalar dam-
age model is somewhat of limited use in practice. A vectorial damage representation is appealing
because microcrack areas and orientations are captured and a vectorial representation is a direct
extension of the original Kachanov’s model. Nevertheless, a vector damage model to some ex-
tent suffers microcrack shape-indifference and tensor operation problems related to general stress
transformation. A second-order damage tensor representation is also attractive since microcrack
areas and orientations are captured, too. It is, however, incapable of describing general anisotropy.
Therefore, as noted by several researchers, an appropriate description of anisotropic damage gen-

erally involves a fourth-order or even an eighth-order damage tensor representation. In practice,
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an eighth-order damage representation is perhaps too complicated. A fourth-order damage repre-
sentation, on the other hand, can be handled reasonably well and and has nice correspondence with
the fourth-order overall stiffness tensor.

In spite of the direct intuition that “isotropic damage” necessarily warrants a scalar damage rep-
resentation (see, €.g., Lemaitre and Chabeziic (1978), Lemaitre (1984), Mazars (1984), Kachanov
(1986)), this is, surprisingly, not always true from the viewpoint of the effective stress concept and
thermodynamic potential. The present work shows that isotropic damage actually only implies that
the (fourth-order) damage tensor is isotropic, not necessarily reducing to a scalar. On the other
hand, anisotropic damage implies that damage tensor is anisotropic. Further, the implication of
scalar damage representation upon overall elastic-damage moduli is discussed within the frame-
work of the effective stress concept. Some results from micromechanical analyses are also applied
to demonstrate the physical meaning of the fourth-order damage tensor in the case of microcrack-
weakened brittle solids.
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I.2. Implication of scalar damage variable

In the case of spatially perfectly randomly distributed microcracks or microvoids in all direc-
tions, isotropic damage model is certainly an appropriate choice. In particular, in a scalar damage
model, the virgin (undamaged) material is often assumed to be linearly elastic and isotropic in the
absence of plastic flow. In the literature, some researchers consider the following rational elastic-
damage potential energy based on the physically appealing effective stress concept (Lemaitre and
Chaboche (1978), Lemaitre (1984), Mazars (1984), etc.):

Pr=3(I-d)e:C:¢ (1)

where d is a scalar damage variable (ranging from O to 1), €° is the elastic strain tensor, C° is
the virgin linear elasticity tensor, and * : ” signifies tensor contraction. From the Clausius-Duhem

inequality for isothermal processes, one obtains the homogenized stress o:
o=(1-d)C°: ¢ 2)
Hence, it is clear that the overall elastic-damage stiffness tensor C takes the form:
C=(1-4)C° 3)

such that ¢ = C : €° . As a consequence, a component of the overall elastic-damage stiffness
tensor can be obtained by scaling down the corresponding component of the virgin elastic stiffness
tensor by a common factor (1 — d) . Moreover, the effective stress & is often defined as (within the
framework of isotropic damage):

o

Thus, we have & = C° : €® . The above formulation is indeed excellent for one-dimensional prob-

lems and is entirely consistent with Kachanov’s (1958) original concept of damage measure.

In a three-dimensional setting, nevertheless, Egs. (1)-(4) are less attractive. This can be proved
by simply noting from Eq. (3) that damaged bulk and shear moduli become K = (1 — d)K, and
G = (1 - d)G, , respectively, with K, and G, denoting the virgin bulk and shear moduli. It follows
that G/K = G,/K, . Therefore, the above scalar damage formulation inherently implies that
Poisson’s ratio always remains constant; i.e., v = v, . This is somewhat too restrictive and not
universal even among isotropic damage processes. This anomaly is due to the one-dimensional
nature of Eq. (4).
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1.3. Notion of isotropic and anisotropic damage variables

As discussed in the previous section, “scalar damage” is only a special case of “isotropic dam-
age”. “Isotropic damage” only states that the fourth-order damage tensor D is isotropic. In addition,
isotropic damage does not require the virgin elasticity tensor C° to be isotropic. It is emphasized
that isotropic damage will preserve the directional characteristics of the virgin elasticity tensor C° .
That is, if C° is isotropic, then the elastic-damage stiffness C is also isotropic. On the other hand, if
C¢ is orthotropic (or anisotropic), then C is also orthotropic (or anisotropic). By contrast, general
anisotropic damage will change the directional properties of C°.

The anomaly in the aforementioned scalar damage formulation can be easily resolved by re-
examining the effective stress concept and the elastic-damage energy potential. In particular, the
following formulation is free of the previous anomaly in three-dimension:

Y= % € :[MMD)-C:¢€ (5)
where M(D) is a fourth-order tensorial function of the fourth-order damage tensor D . The Clausius-
Duhem inequality then renders

o =[M®D)-C°]: ¢ ()]
According to the effective stress concept, the effective stress can be expressed as & = C°: €° .
Consequently, Eq. (6) can be rephrased as
oc=M®D):é& o)
Clearly, M(D) is the transformation tensor relating the homogenized and effective stresses. More-
over, from Eq. (6), we obtain the elastic-damage stiffness tensor C:
C=MD)-C° (8)
A rational choice of M(D) may be M(D) = I - D, with I denoting the rank-four unit tensor. If this
choice is made, then Eq. (7) and (8) can be recast as (see also Krajcinovic (1989))
a=[1-DI"':0o )
C=[1-D}-C° o D=I-C.C! (10)
It is worth noting that Eq. (10) shows the direct relationship between the damage tensor D and the
clastic-damage stiffness tensor C . Therefore, damage tensor D must be isotropic (not necessarily
reducing to a scalar representation) for an isotropic damage state. Moreover, the appropriate ex-
pression for the effective stress concept is Eq. (7) or (9), not Eq. (4) even in the case of isotropic

damage. On the other hand, D and hence C become anisotropic in the case of an anisotropic damage
state.
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14. Application of micromechanical analyses for isotropic damage

In this section, we apply some results from micromechanical analyses for two-dimensional
microcrack-weakened brittle solids under tension (Horii and Nemat-Nasser (1983), Sumarac and
Krajcinovic (1987)). Applications can be made to brittle matrix fiber or particle composites as
well as ceramics, etc. It is assumed that the virgin material is isotropic and linearly elastic, and
that line microcracks are always open and perfectly randomly distributed in all directions with
uniform size 2a. The microcrack size 2a, however, may grow uniformly during the loading history.
Therefore, the overall material response remains isotropic. Furthermore, the overall elastic-damage
compliance tensor S takes the form:

S$=8°+§" (11)

where S° is the virgin elastic compliance (i.e., inverse of C°) and S* denotes the damage-induced
additional inelastic compliance.

For two-dimensional problems, it is more convenient to use the Voigt’s notation and express the
compliance tensor as a three by three matrix. Based on microcrack opening displacement formulas,

S* can be micromechanically computed by (assuming plane stress condition):

EA

where N = the number of microcracks per unit cell surface, A = the surface area of representative

2 r
g-2Nea / §(0) do (12)
0

unit cell, I' = the damaged overall “Young’s modulus”, and §(f) is a tensorial function of the
orientation angle 6 ; see Sumarac and Krajcinovic (1989, Eq. (17)). Notice that S* is indeed an
isotropic tensor.

In the case of the Taylor’s model, microcrack interaction is completely ignored. By actually
evaluating the integral in Eq. (12), we obtain the overall elastic-damage moduli for plane stress as
follows (see Sumarac and Krajcinovic (1989, Eq. (22)))

E v 1
E v T+e (13

where w = Nra?/A is the non-dimensional microcrack density parameter, and E, and v, are the
virgin elastic moduli. Clearly, v < v, and therefore the scalar damage representation discussed
in Sec. 2 is inadequate. It is also noteworthy from Eq. (12) that S* is factually a function of
the microcrack density parameter w . Nevertheless, one should not confuse the scalar microcrack
density parameter w with the isotropic damage tensor D .
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Similarly, in the case of the self-consistent model, S* can be micromechanically derived and
the plane stress elastic-damage moduli are (Horii and Nemat-Nasser (1983)):

—=—=1-w (14)

One observes that v < v, , and hence the previous scalar damage formulation is again improper.

Moreover, one may define an alternative damage tensor D through
I+D=[-D]"! (15)

so that one may write
S=8°-1+D) (16)

From Eq. (11) and (16), we make the following identification:
S =8.D or D=C°-§ 17

Thus, it is actually possible derive the fourth-order damage tensor D (or D) from micromechan-
ics (i.e., the microcrack-induced inelastic compliance S*). Obviously, if microcracks are spatially
randomly distributed in a representative volume element, then S* and hence D (or D) are isotropic
(given linearly elastic and isotropic C°). If there are preferred orientations in microcrack distribu-
tion, then S* will be anisotropic and therefore damage tensor D (or D) becomes anisotropic. Finally,
one notes that if S* = d S§° then D = d I, and hence the scalar damage model discussed in Sec. 2 is
recovered.
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LS. Conclusion

The present work analyzes the implication and limitation of some scalar damage models. It
is demonstrated that isotropic damage does not necessarily imply scalar damage representation in
general. The notion of isotropic and anisotropic damage variables in continuum damage mechan-
ics is discussed. In addition, some results from micromechanical analyses are applied to show the
direct relationship between the fourth-order damage tensor D (or D) and the damage-induced com-
pliance tensor S* . It is concluded that, even for isotropic damage, one should employ an isotropic
fourth-order damage tensor (not a scalar damage variable) to characterize the state of damage in
materials. In general, however, adamage tensor is anisotropic. Finally, itis preferable to derive gen-
eral anisotropic damage tensors from micromechanical formulations, instead of postulating them
arbitrarily.
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PART II:

A Micromechanical Damage Model for Uniaxially Reinforced

Composites with Interfacial Arc Microcracks

H.0. Abstract

A micromechanical damage model is presented in this work for fiber/matrix interfacial micro-
crack-weakened uniaxially reinforced brittle matrix composites. It is assumed that the undamaged
fibers and matrix materials are linearly elastic and isotropic. All microcracks are assumed to occur
in the fiber/matrix interfaces, and are modeled as arc microcracks under “cleavage 1” deforma-
tion processes. Microcrack-induced inelastic strains and overall elastic-damage compliances are
analytically derived based on micromechanical bi-material (interfacial) arc-microcrack opening
displacements and probabilistic distributions of arc microcracks. In addition, thermodynamic ba-
sis is rendered. The present work is entirely different from existing phenomenological continuum
damage models for composite materials since it is based on micromechanical derivations. Both
“stationary” and “process” damage models are given in the present work. In particular, microcrack
kinetic equations are constructed based on micromechanical fracture criterion and microstructural
geometry in a representative volume element. Simple and efficient computational algorithms as
well as some numerical uniaxial tension tests are also presented to illustrate the proposed microme-
chanical damage model for composites. It is emphasized that the present work does not employ
any arbitrary (fitted) “material constants”.
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IL.1. Introduction

Initiated by Kachanov (1958) and Rabotnov (1963) for one-dimensional creep damage of met-
als, continuum damage mechanics has been extensively explored and applied by many outstanding
applied mechanics researchers. Basically, there are two types of continuum damage formulations —
phenomenological and micromechanical damage models. Most existing work are classified as phe-
nomenological damage models; see, e.g., Krajcinovic (1984,1986,1989) and Bazant (1986) for a
comprehensive literature review. There are, however, some micromechanical “stationary” or “pro-
cess” damage models proposed in the literature; see, e.g., Budiansky and O’Connel (1976), Horii
and Nemat-Nasser (1983, 1985), Kachanov (1987), Krajcinovic and Fanella (1986), Fanella and
Krajcinovic (1988), Sumarac and Krajcinovic (1987), and Ju (1989b).

In particular, excellent studies on damage mechanics in modern composite materials were pre-
sented by Weitsman (1987a,1987b,1988), Talreja (1985a,1985b,1985¢,1986,1987), Allen et al.
(1987a,1987b,1987¢c), and Harris et al. (1987) for distributed matrix cracks and delamination
within the framework of phenomenological damage models. On the other hand, some noteworthy
micromechanical (primarily “stationary”’) damage models for composites were proposed by, e.g.,
Wang et al. (1984), Laws et al. (1983) and Hashin (1985) for transverse (parallel) matrix crack
systems. It is noted that existing phenomenological continuum damage models of Weitsman, Tal-
reja and Allen et al. employed either vector-valued or second-rank (symmetric or non-symmetric)
“damage tensors” (treated as internal state variables) to characterize the state of damage in compos-
ite materials. However, a vector or a second-rank damage tensor is inherently incapable of describ-
ing general anisotropy in composites. An appropriate description of anisotropic damage generally
involves a fourth-rank (or even eighth-rank) damage tensor representation; see, Chaboche (1979),
Cordebois and Sidoroff (1979,1982), Ju (1989a), and Krajcinovic (1989) for further remarks. In
addition, in spite of the solid and attractive thermodynamic basis, the specific functional forms of
the Helmholtz or Gibbs free energy potentials in phenomenological damage models are to some
extent arbitrary (heuristic). Therefore, the resulting overall stiffness-damage relationships and
stress-strain laws are also somewhat arbitrary. Moreover, in order to have constitutive predictive
capability, phenomenological damage models must arbitrarily or empirically postulate functional
forms for damage “evolution (growth) equations”. In the thermodynamic free energy potentials
and damage evolution equations, nevertheless, existing phenomenological damage models typi-
cally rely on the use of many (perhaps up to 100 or even 200) fitted “material constants”. As a
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consequence, it becomes very difficult to identify these fitted constants from actual experimental
data of composites.

Hence, as pointed out by Krajcinovic and Fanella (1986) and Weitsman (1988), micromechan-
ical damage theories for composites are warranted to incorporate microstructural geometry, mi-
cromechanical deformations and microcrack growth into the damage mechanics framework. Most
currently available micromechanical damage models for composites focused on the effects of trans-
verse stationary matrix cracks on overall (damaged) compliance tensors. The present paper, on the
other hand, considers the damage effects on uniaxially reinforced composites due to the exisrence
and growth of an ensemble of randomly oriented microcracks at the fiber/matrix interfaces within
the context of micromechanical damage mechanics. This circumstance corresponds to an ensem-
ble of randomly distributed arc microcracks at the interfaces between cyclindrical inclusions and
extended exterior regions under plane strain. In the case of a single arc crack at the fiber/matrix
interface subjected to remote tension field (plane strain), solutions are available in England (1966),
Perlman and Sih (1967), Toya (1974), and Piva (1982). In particular, Toya’s solution is the most
suitable for our damage mechanics formulation because it provides analytical (micromechanical)
expressions for microcrack opening displacements and arc microcrack fracture energy criteria; see
also remarks made in Weitsman (1988).

In the present work, it is assumed that the undamaged fibers and matrix materials have different
properties but are both linearly elastic and isotropic. All arc microcracks are assumed to occur in
the fiber/matrix interfaces under “cleavage 1” deformation processes (i.e., due to pre-existing arc
microcracks). New microcrack nucleations (“cleavage 2” processes) are not considered in this
work. Moreover, at this stage of the development, arc-microcrack interactions are assumed to be
negligible (Taylor’s model); i.e., dilute microcrack concentrations are considered. In the absence of
a micromechanical solution for partially closed or entirely closed arc microcrack (namely, a “mixed
crack-and-contact problem’), we assume that all arc microcracks are entirely open under a remote
tension field.

An outline of this paper is as follows. The representation of the fourth-rank damage and ther-
modynamic basis for microcrack-weakened brittle composites are presented in Sec. II.2 within
the context of homogenization for multiphase inhomogeneous materials. It is assumed that dis-
tributed arc microcrack concentration justifies the use of effective continuum medium theory. Based
on Toya’s (1974) micromechanical solution of bi-material (interface) arc-crack opening displace-
ments, damage-induced inelastic strains and inelastic compliances are systematically derived in
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Sec. I1.3 for an ensemble of randomly oriented open arc microcracks. This corresponds to a sta-
tionary (non-process) micromechanical damage model. In Sec. II.4, microcrack growth (evolution)
is considered based on Toya’s (1974) micromechanical fracture criterion for a single arc microc-
rack under uniaxial tension. The extension to account for biaxial tension loadings can be readily
made. “Stable” and “unstable” domains are identified for stationary and propagating arc micro-
cracks, respectively. As a consequence, a “process model” is rendered. It is emphasized that the
present work does not employ any arbitrary (fitted) “material constants”. Simple and efficient com-
putational algorithms are given in Sec. IL.5. In addition, some numerical uniaxial tension tests are
presented in Sec. IL5 to illustrate the potential capability of the proposed micromechanical damage
model for composites.
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I1.2. Thermodynamic basis

In the case of general anisotropy, a scalar, a vectorial, or a second-rank tensorial representation
of damage variable is not adequate; see Krajcinovic (1989) for more details. In this work, we
employ a fourth-rank anisotropic damage tensor to represent the state of damage in anisotropic
composite materials. It is worth mentioning that the fourth-rank damage tensor employed has an
appealing correspondence with the fourth-rank overall stiffness (or compliance) tensor.

Within the framework of homogenization concept for inhomogeneous effective continuum

medium, one may define the homogenized Gibbs free energy as
x=30:[8-0+D)]:0o 1)

where o is the volume-average stress tensor (Hill (1965)), S° is the undamaged linear elastic com-
pliance (obtained by the rule of mixture) of a composite material, I is the fourth-rank unit tensor, D
denotes the fourth-rank damage tensor, and “ : ” denotes the tensor contraction operation. By the
Clausius-Duhem inequality for isothermal process, we have (with € denoting the volume-average
strain)

x—-6:€20 (2)

The standard Coleman’s method then leads to the following macroscopic stress-strain law and over-

all elastic-damage compliance tensor S :
e=[S°-0A+D)]: o 3
S=8-0+D) 4)
together with the damage dissipative inequality:

10:8:020 )

From Eq. (5), it is observed that the evolution $ plays an essential role in microcrack energy
dissipation and growth. Further, Eq. (3) is entirely consistent with the “effective stress” concept
in continuum damage mechanics (Kachanov (1958), Rabotnov (1963), Lemaitre and Chaboche
(1978)). During a damage loading process, the total strain tensor € is amenable to an additive
decomposition:

€=€+¢€" (6)
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where €° and €* denote the elastic and inelastic (damage-induced) strains, respectively. In addition,
it is assumed that €* =~ 0 upon complete unloading; namely, the residual strain at zero stress is
negligible for brittle composite materials. The elastic-damage compliance tensor is also suitable
for an additive decomposition:

$=8°+§° @)

where S* signifies the damage-induced inelastic compliance (Mura (1982), Horii and Nemat-Nasser
(1983)). In fact, from Eqgs. (4) and (7), the relationship between S* and D can be formally expressed
as

$*=8°-D 8)

Therefore, if one can micromechanically derive the damage-induced inelastic compliance S*,
then one can explicitly express the fourth-rank damage tensor D by means of micromechanics
in stead of postulating D and D heuristically. This is precisely the motivation of the following

development.
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IL.3. Microcrack-induced inelastic strains and overall compliances

In this section, damage-induced inelastic strains and inelastic compliances are derived for an
ensemble of randomly distributed fiber/matrix interfacial arc microcracks. Microcrack interactions
are neglected at this stage of our development, and shall be subject of future study. According, only
“Taylor’s model” (not self-consistent model) is constructed. The microcrack opening displacement
formulas for a single interfacial arc microcrack are based on Toya’s (1974) solution. All interfacial
microcracks are assumed to be entirely open. If micromechanical solutions for partially closed
or entirely closed interfacial arc microcrack become available in the future, however, the present
framework can be readily modified to accommodate those circumstances. The development in this
section can be classified as “stationary” (or “non-process’’) model according to the terminology of
Krajcinovic and Fanella (1986).

I1.3.1. Microcrack-induced inelastic strains

In Toya’s (1974) solution, the fiber (inclusion) and the matrix materials are assumed to have
different linear elastic properties. Nevertheless, both fiber and matrix constituents are assumed to
be homogeneous and isotropic. Toya (1974) actually provides solutions for stresses, displacements,
and debonding criteria for an open arc crack at the bi-material interface under remote uniaxial and
biaxial tension loadings. In what follows, for simplicity, we only consider the case of uniaxial
tension loadings.

As remarked by Toya (1974), both stresses and displacements oscillate violently at the imme-
diate regions near the crack tips. This is quite typical for the mixed boundary-value probiem for
interfacial cracks at bi-material boundaries. However, the extent of the oscillating regions is very
small. Consequently, Toya (1974) concludes that his solutions provide a good approximation to
the physical state of the body at the bi-material interface except in the immediate vicinity of the
crack tips. Although some recent results of oscillation-free bi-material stress and displacement
analyses were reported in several technical symposiums and journals (see, e.g., Qu and Bassani
(1989a, 1989b), Bassani and Qu (1989)), they were derived for line (straight) microcracks at the
interface of two dissimilar semi-infinite materials, not valid in our arc crack problem. Therefore,
Toya’s solution is adopted in the present work.

The global (unprimed) and local (primed) Cartesian coordinate systems as well as the local
polar coordinate system (at a typical arc point) are shown in Figure 1. In particular, a denotes the
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half-angle expanded by an arc microcrack, a denotes the radius of the fiber (inclusion), ¢ denotes
the angle between the z'-axis and y-axis, and ¢ (= 7 /2 — ¢) signifies the angle between the y-axis
and y’-axis. The uniaxial tension p is applied in the y-axis direction. Counterclockwise direction
is taken as positive, and 6 is measured from the z’-axis. In addition, n’ and (v’, , u's) represent the
outward unit normal vector and the polar coordinates at a typical point along the arc, respectively.
The expressions for u’, and u'y under remote uniaxial tension are given by Eq. (3.57) in Toya
(1974) by means of a complex variable form. Note that the real part is u’, and the imaginary part
is u’g . Let us first transform the local polar coordinates at a typical arc point to the local Cartesian
coordinate defined at the mid-point of the arc:

u'; =u',cosf — u'ysinf (9a)

u'y =u',sinf +u'ycosd (9b)

Furthermore, the Cartesian components of the unit outward normal vector at a typical arc point are:

n',=cos@ ; n'p=cosl (10)

Since the present work is concerned with the mechanical behavior of interfacial microcrack-
weakened uniaxially reinforced brittle composites, it is appropriate to focus on the cise of plane
strain (orthogonal to the fiber direction). The virgin brittle composite material under consider-
ation is actually transversely isotropic. Thus, in a plane strain framework, the virgin composite
material is isotropic. However, if the composite contains an ensemble of microcracks, it may be-
come anisotropic, depending on the microcrack sizes and orientations. By the standard definition
of Cartesian strain tensor, the inelastic plane strain components (in Voigt’s notation) due to a single
(k-th) arc microcrack take the form:

€@ = e = % / u';cosfdf = % (u'; cos® @ — u'g sinfcos ) df (11)
&® = ¥ = % /— . u', sin0 df = % /_ (u', sin @ + v’y sin @ cos §) df (12)
" =2 = 2 / (s sinf + ', cosf) df = = / (', sin 26 — v’y cos 26) d 13)

where A is the surface area of a representative volume element in two-dimension.

In the above equations, it is implicitly assumed that the k-th arc microcrack is entirely open.
That is, the radial crack opening displacement v, is always positive. Therefore, there exist some




A Micromechanical Damage Model for Composites 20

restrictions on the arc microcrack size 2« and the orientation ¢; see Toya (1974) for further remarks.
For example, in the case of the epoxy matrix (shear modulus y; = 346 KSI or 2.39 GN/m?2, Poisson’s
ratio n; = 0.35) and glass fiber (shear modulus p; =6410 KSI or 44.2 GN/m?, Poisson’s ratio
m = 0.22) composite material, the range of “entirely open” arc microcracks is approximately
defined by:

6]+ < 65° (14)

See Fig. 2 in Toya (1974) for more information regarding allowable (¢, o) region.

The inelastic strains due to an ensemble of non-interacting arc microcracks can be evaluated

by performing the following integration:
§=N / 9™ P(9,0) 02 (15)
2

where N is the number of open (active) arc microcracks; ¢, j =1, 2, 6; P(¢, ) is a joint probability
density function of arc microcrack orientations and sizes; 2 is the domain of all open (active)

(k)

microcracks, and g;;” is the component of the following local-global transformation matrix (Horii

and Nemat-Nasser (1983))

cos? sin?y  sin 2y
(16)

[g¥1=] sin*y cos’y —sin2y
—1sin2y 1sin2y cos2y
Eq. (15) can be numerically computed by double Gauss quadrature, as will be discussed in Sec.
IL.S.

The total strain components can be obtained by adding ¢! to the elastic contributions € , with
€; expressed as
€ = 55505 17

Remark 3.1. In the case of biaxial tension loadings, €* can be obtained by the same procedure
as above. The only modification required is to use Eq. (3.43) (not Eq. (3.57)) in Toya (1974) when
integrating arc crack opening displacements. §

I1.3.2. Overall elastic-damage compliances

To derive the damage-induced inelastic compliance matrix S* , Egs. (11)—(13) must be mod-
ified. The key step is to construct the inelastic strain-stress relationship (e*®' vs. &) in local
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Cartesian coordinates. However, this local relationship is not readily available from (3.57) in Toya
(1974) since crack opening displacements are related to global tension stress p instead of local
stress field in Toya’s work. The local stresses can be easily obtained as follows

oy =0, =p cos’ (18)
a; = a;m =p sin® ¢ (19)
g =0l = g sin 24 (20)

After a lengthy but straightforward derivation, Egs. (11)-(13) (due to a single arc microcrack

only) can be recast as

«(ky _ @ AP s ;
q == { §,~ [/:a(u i COs® 0 — u'y; sinf cos ) d0] a,-} (21)
(kY a @ N . !

&® = = { §.~ [ /_ c‘(u’,,- sin? @ + u'y; sin 8 cos 0) do} a,-} (22)

e;(k)' = % {z [/ (u',; sin 20 — u’g,' cos 20) dO} U:} (23)

where the summation is for : = 1, 2, 6, and the expressions for u’,; and u’; are

1
‘u’rl =—-Aa [sin %(O — 6)sin %(a + 0)] 2 HMr—a) 5
x { [1 — (cosa+2)sina)e =) + (1 — k)(1 +4X%)sin’a 1

2 — k — k(cos a + 2) sin a)e?Ar-a) k
- inlta— 0 (24)
- Me”‘"‘”’ cosf] cos (%0 —Aln [ﬂzl—(—e-—) ) +
k sin 3(a +0)
sin3(a — 6)7\1 }

2(1 — k)
sin%(a+0)J)J

+ [Tez"(""’) sin @ sin (%0 ~Aln [

1
u's1 = —Aja [sin %(a — @)sin %(a + g)] 2 Mr—a) o
x { [1 = (cosa+2Asina)e =) + (1 - k)1 + A sin’a _ 1

2 — k - k(cos a + 2) sin a)e?Mr~) k
_ inla—90 (25)
2=k k)e”("") cos 0] sin (%0 -Aln [——‘—Sl.n zl(a )]) +
k sin 3 (a +6)

ini(a —
+ [——2(1 — k)e”(""" sin 8 cos (%0 -Aln [___sm 1@ —9) )] }

k sin %(a +0)
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1
'r2 = —Aya [sin (a — 8)sin J(a + 0)] 2 ") x
« [[L=(osa+2hsina)e? =) — (1 - A +4N)sin*e 1
2 — k — k(cosa + 2] sin a)e?A(r-a)

— in Y — (26
+ Mez"(""’) cos 0] cos (%0 —Aln [w ) - )
k sin 5(a +0)

S P
I =~ i

k sin 3(a + )

)|
w'p = —Aja [sin J(a — 0)sin J(a + 6)] 2 X" x
g 1 — (cos a +2)sin a)e?*™=2) _ (1 — k)(1 + 4)D)sina 1
2 — k — k(cos a + 2\ sin a)e?Mr—a) k

- ini(a - 2n
+ 2-(l—k—)e”(""‘)cos 9] sin (%0 -Aln [ﬂ%(—a—o—)]) -
k sin L(a +6)

inde
_ [Me”“"”) sin @ cos (%0 —Aln [MD] }

k sin 3(a + 6)

1
u'g = ~24a [sin %(a — 6)sin %(a + 0)]5 PRSIV

- ind(o —
X {—Mem""') sin 6 cos (%0 —-Jln [El-r-l—zl—(i—o—)D -
k sin 5(0 + 0)

(1 - k)(1 +4)XY)sin’ a 20 =0 230-m o5 ] x (28)
k[1 + (cos a + 2) sin a)e2Mr—a)] EC
. 1 — 0)
(15 _ 5 sin 3(a )
X sin (2 In [————-—sm %(a 70
1
w'ps = —2Asa [sin {(a — 0) sin {(a + 6)] 2 2= x
- ini(a ~0
X {Mez"("‘") sin 4 sin (%0 - Aln ﬂ.n_zl(_a___) ) -
k sin 3(a +6)
(29)

(1 - kX1 +4)¥)sin’ a 24 -
k[1 + (cos a + 2) sin a)e2X(*-a)] k

sini(a - 6)
- \lnl—t—" =
ey (’ N [sin %(a+0)D}
In the above equations, k, A, and A, are given material properties (related to elastic shear moduli

and Poisson’s ratios of fiber and matrix), and are defined in (3.9), (3.3), (3.39) in Toya (1974). For
convenience, they are given in what follows:

k)e”(""') cos 0] x

B p(1+k3) (2 + Kap1)
k  B= 2. =2 30
1+v B (p1 + K1p2) g (u1 + K1p2) 0

K1=3-4n ; Ka=3-4mnm @31
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Inv
=-5- (32)
A]EE[1+K‘+1+K2] (33)
4|l m B2
Therefore, Eqs. (21)~(23) can be rewritten as (1, j = 1, 2, 6)

where S,-‘J.(")' is the local two-dimensional microcrack-induced inelastic compliance component. In
particular, the inelastic compliance matrix components take the form:

Si® =2 (', cos? @ — u'y; sin 6 cos §) df (35)
1i A

58 == / (i sin®  + u's; sin 6 cos 6) df 36)
SE.'(k)' = % / (u'y; sin20 — u'y; cos 20) do 37)

It is noticed that the inelastic compliance matrix $** due to a single arc microcrack is in fact
non-symmetric; i.e., S:J-(")' ¥# S;,-"‘)' for : # j. The integrals in Eqs. (35)-(37) can be effectively
evaluated by means of numerical integration procedures; see Sec. I1.5 for details. In addition, in
terms of global Cartesian coordinates, S,-'j(")' can be rephrased as

Sif) = g&) %) 50y (38)

Consequently, the total inelastic compliance S* due to an ensemble of randomly oriented interfacial
arc microcracks can be expressed as

S;=N / S;¥ P(¢, ) df2 (39)
n

From Egs. (35)~(37), it is observed that S* is actually a tensorial function of the mean “arc mi-
crocrack density parameter” < w >, withw = N(aa)?/A . Finally, the overall elastic-damage
compliance S is obtained simply by writing

$=8°+8" (40)
Therefore, the inelastic compliances and fourth-rank damage tensors of interfacial microcrack-

weakened brittle composites can actually be derived from micromechanics, instead of postulating
them arbitrarily or heuristically.
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IL4. Microcrack kinetic equations

It is characteristic that brittle composite solids have some pre-existing arc microcracks along
the fiber/matrix interfaces even before specimens are first loaded. Some of these initial microcracks
may grow (propagate) later upon application of adequate loads. In this section, we transform the
stationary (“‘non-process”’) damage model presented in Sec. I1.3 into a “process” damage model so
that the model possesses a constitutive predictive capability. That is, “cleavage 1” (pre-existing)
microcrack growth and the evolution of S (or S*) are considered based on micromechanical con-
siderations. The importance of micromechanically-based microcrack growth relations were also
recognized by Weitsman (1988). It is recalled that although some existing phenomenological dam-
age models are in principle capable of providing damage evolution equations for composites, they

may require some 100 (or even more) fitted “material constants” in the microcrack evolution laws.

The present work is not restricted to monotonically increasing loads. In fact, loading/unloading
sequences can be easily accommodated by computing and checking whether there is undergoing
microcrack growth (excluding those previously propagating and currently arrested microcracks).
If there is no (¢, a) region in which additional microcrack growth is now taking place, then the
current incremental load step is in an unloading state. Therefore, “active microcrack growth” is
the valid current loading condition, regardless of prior existence of certain (¢, a) regions where
microcracks previously experienced growth. Moreover, the damage-induced inelastic compliance
S* takes the fcrm:

$* =8, +8§; +8} (41)

where S;, = the compliance contribution from undergoing microcrack growth, S; = the contribution
from stationary microcracks having initial sizes, and S} = the contribution from arrested microcrack
growth due to previous microcrack growth. In particular, if S = 0, then the current load level p
is not high enough to cause further damage, and therefore all existing microcracks are arrested.
Finally, S* is added to S° to obtain the overall compliance S.

I11.4.1. Interfacial microcrack fracture criterion

The mixed mode bi-material fracture criterion was provided in Eq. (4.8) in Toya (1974) for a
non-interacting, entirely open arc microcrack along the fiber/matrix interface under uniaxial ten-
sion. It is implicitly assumed that the bonding strength between the fiber and matrix is sufficiently
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small compared with the fracture toughness of the matrix, so that an initial (existing) arc micro-
crack will always grow along the bi-material interface. Thus, microcrack kinking into the matrix is
not considered here. Toya’s bi-material, local stress fracture criterion for a tip of an arc microcrack
under uniaxial tension reads:

%pzkaA;(l + 4 ) NoNosin a €2X7-2) = 24/ 42)

where v/ is the specific surface tension energy of the interface (i.e., critical energy release rate), and
Np together with its complex conjugate Vo are functions of 4, a, and elastic material properties (see
Eq. (4.9) in Toya (1974)). Eq. (42) is only valid for an open microcrack; i.e., v, > 0 is required
for any 8 value along an arc microcrack. In addition, one tip of a microcrack may reach the fracture
criterion (4.2) before the other tip does. Hence, one tip may be propagating while the other tip is

arrested.

When the energy release rate reaches its critical value (or when tension reaches a critical value
Per), an arc microcrack may grow in a stable or unstable fashion, according to Fig. 3 in Toya
(1974). Within a limited range of the (¢, «) region, Eq. (42) may have two solutions for o and
#. Thus, one tip or both tips may actually grow in a stable manner. This implies that the final
microcrack size a; and orientation ¢ can be analytically obtained. However, for other ranges of
the (¢, a) region, there is only cne solution for Eq. (42). Therefore, an arc microcrack may grow
in an unstable manner outside the limited range of the two-solution (¢, a) domain. Moreover, with
further increase of the tensile stress p (> p.,), even an originally stable arc microcrack will grow

continuously in an unstable manner.

In the case of many randomly distributed open arc microcracks, Eq. (42) is systematically
checked for every permissible microcrack orientation ¢ and size a to numerically determine the
domains of “growth zone” and “stationary zone" for a given tensile stress p and known elastic
material properties. Because of the preferred microcrack growth orientations, the overall material

compliances become even more anisotropic. These issues will be further addressed in Sec. IL.5.

It is worth noting that the interfacial fracture criterion for a tip of an arc microcrack under
biaxial tension field is also available from Eq. (4.7) in Toya (1974). Therefore, the regions of

microcrack “growth zone” can be numerically identified, too.
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I1.4.2. Microcrack growth — a process model

As previously mentioned, it is presumed that all arc microcracks are entirely open and no mi-
crocrack kinking (into matrix) is considered. These assumptions are made because solutions for
mixed boundary-value problems are not yet available for partially closed, entirely closed (mode
11 frictional sliding), or kinked arc microcracks. When these solutions do become available, the
proposed process model must be properly modified.

In addition, it is recalled that the region of *“stable microcrack growth” (from an initial microc-
rack orientation and size (¢;, a;) to a final stable configuration (¢;, a;) is quite limited and is only
applicable at certain critical stress level, according to Fig. 3 in Toya (1974). Therefore, it appears
rational and practical to simplify the distributed microcrack growth kinetics as follows. If one tip
of an arc microcrack reaches or exceeds the critical surface energy required to initiate microcrack
growth, then both tips of the arc microcrack may grow continuously (generally in a non-symmetric
fashion) until the half-angle size reaches an o and the central crack “orientation” ¢; ~ (° (i,
approximately aligned with the applied tensile loading direction). In the case of the aforemen-
tioned epoxy-glass composites, a s = 65° is a reasonable choice since it is the maximum allowable
half-angle size for an arc microcrack to remain open. It is noted that the arc-microcrack central
orientation indeed will change due to crack growth; see Toya (1974) for more discussions. There-
fore, according to the proposed simplified treatment, an arc microcrack may either be stable (no
growth, with original geometry) or unstable (with oy = 65° and ¢; = 0°). Clearly, damage-induced
anisotropy is bound to be a natural consequence.

In the case of randomly distributed arc microcracks, Eq. (4.2) should be used to numerically
(iteratively) define the bounds of (¢, a) regions undergoing microcrack growth under a particu-
lar tensile stress p, a given interface toughness v*/ and a given initial microcrack geometry. For
simplicity, in what follows, we assume that all arc microcracks are of equal initial size o; and are
such oriented that |¢| + a; < 65° (opening) always holds. Thus, for a specified interface toughness
'/, one can perform numerical iteration to obtain the minimum tension stress p,, required to cause
the first arc microcracks to propagate. The corresponding initial central microcrack orientations
are denoted by +4., . When p is greater than p,, , the unstable microcrack domains will increase

accordingly.

The proposed microcrack growth kinetic sequence proceeds as follows.
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(1) As p < p. , all arc microcracks are stable and of initial size a; . Due to preferred initial

microcrack orientations to ensure opening, the overall stress-strain response is anisotropic even
if virgin composites are isotropic (in plane strain). Although the overall response is linear and
reversible under the present stress level p , the material state is really elastic-damage (inelastic).
In fact, the current elastic-damage compliance § is greater than the virgin undamaged elastic

compliance S°.

(2) Asp = p,, ,those microcracks with central orientations ¢., become unstable, and increase their

(3)

@

lengths to a; = 65° as well as change their orientations to ¢; = 0. The contributions from
partially closed and entirely closed portions are neglected here.

Asp = py > p.r , the unstable microcrack growth regions 2, increase. Therefore, some
microcracks in specific orientation domains (~¢; , —¢3) and (¢, , ¢;) become activated and
increase in size to ay = 65° as well as change their orientations to ¢; = 0. The material
behaves anisotropically and the elastic-damage compliance increases. It is noted that ¢; and
#» values depend on p; , p., , o; and 4*/, and can be obtained by numerical iteration. The
compliance contributions S;, and S7 in Eq. (41) can be computed (integrated) through Eq. (35)
and (39):

Si=N [ g¥TS'® (4,a.)g® P(d)s (43)
nocl

S;=N [ g®Ts*®'(4,a)g" P(4)do (44)
nln

where P(¢) is the assumed probability density function of microcrack orientation and §2,, is
the stable (no growth) domain.

As p, < p < pi1, the unloading case is taking place. There is no further microcrack growth
because the apparent “active orientation fans” shrink. Therefore, ST =0 . It is emphasized
that the acrual “orientation fans” (featuring «; size) does not reduce owing to the irreversible

nature of damage. Hence, the elastic-damage compliance remains its previous value.

(5) As p > p\, more microcracks are activated. The “unstable growth” domains can be computed

6

similar to step (3). However, S; in step (3) should be replace by the sum of S; and S7 in this
step.

At some higher stress level p = p. , the energy release rate reaches the critical value of the
matrix energy barrier. Therefore, microcracks having size oy will resume to propagate (kink)
into the matrix, and eventually lead to final failure.
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As was commented by Sumarac and Krajcinovic (1987), the above scheme implicitly assumes
that ultimate failure prefers “runaway cracks” in comparison with “localization modes”. Some

numerical simulations will be given in Sec. IL.5.
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ILS. Computational algorithms and numerical simulations

In this section, computational integration algorithms are given for the proposed micromechani-
cal damage model. Furthermore, a number of uniaxial tension numerical simulations are presented.
In the absence of suitable plane strain experimental data at this stage, however, actual experimental
validation is not included here. Experimental verification of the proposed models should be per-
formed in the future once they become available. Nonetheless, the presented numerical simulations
demonstrate the potential capability of the proposed damage model, without resorting to any fitted

“material parameters” commonly utilized in phenomenological continuum damage models.

IL5.1. Computational integration algorithms

The proposed micromechanical damage model does not include microcrack interaction effects,
and therefore falls into the category of “Taylor’s model”. That is, one employs the undamaged
elastic material properties (not overall elastic-damage moduli) to compute microcrack opening dis-
placements. Thus, the proposed process model does not require the use of an iterative scheme when
computing the single microcrack-induced inelastic compliance $*® (see Egs. (35)—(38)). In order
to determine the bounds of unstable crack growth regions under a particular applied tension stress,
nevertheless, one needs to perform numerical iterations, as commented in Sec. 11.4.2. The com-
putational schemes involved in solving the proposed stress-controlled micromechanical damage

models proceed as follows. It is assumed that all initial arc microcracks are of equal size o; and
open.

(1) For a given load level p , compute “unstable orientation bounds” (—¢; , —¢x) and (¢ , 1)
according to the fracture criterion Eq. (42). For example, one may use the bi-section method
to locate the very first unstable microcrack orientations +¢., , and later the bounds defining
the crack growth domains. These “unstable orientation bounds” should be stored as history
variables since they are irreversible.

(2) Obtain the individual and total damage-induced inelastic compliance $**) and S* by actually
evaluating the double integral involved in Eq. (39) (in conjunction with Egs. (35)-(38)). Note
that stable microcracks have the size a; while unstable microcracks reach the size ay (= 65°
in our case). Numerical integration of Eq. (39) can be cfficiently performed by two separate
“Gauss quadratures” — one for stable and the other for unstable regions. In particular, one needs
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to integrate the compliance contributions from every 8 angle-coordinate along an arc, and from
every open arc microcrack. at different orientations. Here, we use Gauss quadrature rule with

60 integration points for each stable or unstable region.
(3) Obtain new overall elastic-damage compliance S by adding S$* to S° .

(4) Apply the next load p and go to step (1).

I1.5.2. Some uniaxial tension tests

A number of mixed-mode plane strain uniaxial tension tests are considered in this section for
various different fiber sizes a, microcrack concentrations w (= N(aa)?/A), and initial microcrack
half-angle sizes a. Both stationary and process (kinetic) damage models are employed to predict
the continuous changes in overall elastic-damage compliances and stress-strain responses based on
micromechanics. The composite material considered here is epoxy for matrix and glass for fiber.
Both epoxy and fibers are isotropic and linear elastic. The shear modulus and Poisson’s ratio of
the epoxy matrix are u; = 346 KSI (2.39 GN/m?) and #, = 0.35, respectively. In addition, the
shear modulus and Poisson’s ratio of the glass fibers are ;3 = 6410 KSI (44.2 GN/m?) and 1, =
0.22, respectively. The composite volume ratio of the matrix and fiber constituents are 0.8 and 0.2,
respectively. The (plane strain) overall composite Young’s modulus and Poisson’s ratio is found to
be E = 1151 KSI (7.93 GN/m?) and n = 0.3481, respectively, by means of the elementary rule of
mixture (see, e.g., Jones (1975)). Therefore, the plane strain elastic compliance matrix takes the
form: (unit = KSI™})

0.00076383  —0.00040784 0
[S°] = | —0.00040784 0.00076383 0 (45)
0 0 0.0023433

Moreover, the interfacial specific surface tension energy (fracture toughness) 2v*/ is taken as 0.001
Kips/in. (0.175 KN/m).

First, we examine the effects of different initial microcrack concentrations w; on stress-strain
responses and compliances of the uniaxially reinforced epoxy-glass composite. The initial micro-
crack concentration parameter w; is increased gradually (with 256 increments) from 0 to 0.64. All
microcracks are assumed to be stationary (no growth), open, and of the half-angle size o, = 10°.
In view of Fig. 2 in Toya (1974), || + a < 65° is required for crack opening. Therefore, arc
microcracks are assumed to be perfectly (uniformly) randomly oriented between ¢ = —55° and ¢
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= 55° i.e., the probability density of orientation is P(¢) = 0.521. The uniaxial tension stress is
applied in the 2-direction, and the lateral direction is denoted as the 1-direction. The axial-stress
(KSI) versus the axial- and lateral-strain (curves corresponding to monotonically increasing values
of w; are displayed in Fig. 2. The elastic stress-strain response is also shown in Fig. 2 for com-
parison purpose. The elastic-damage compliance components Sz, and S); vs. w; parameter are
shown in Fig. 3 and Fig. 4, respectively. It is clear that as microcrack concentration increases, the

compliance components Sz, and S, increase monotonically.

Next, we perform “process model” uniaxial tension tests. Let the fiber radius be a = 0.1 in.
and microcrack number density be N/A = 100. Two initial half-angle sizes of arc microcracks are
considered: o; = 10° and «; = 20°, respectively. The axial-stress vs. the axial- and lateral-strain
responses are recorded in Fig. 5. Itis noted that before the load p reaches a certain critical value p.,,
the stress-strain response is linear (stationary damage model) for either a; = 10° or o; = 20°. After
the critical values p., are reached, the overall responses then become nonlinear. Double Gauss
quadrature is employed to integrate inelastic compliances and strains contributions from various
microcrack orientations and sizes. For example, in the case of a; = 10°, it is found (by numerical
iteration) that the first microcracks to become unstable (propagating) are oriented in the direction
¢ =5.01°. Later, as p increases, more “orientation fans” are enclosed within the ¢-angle bounds
(obtained by numerical iteration) of microcrack growth. Therefore, more and more microcracks
experience growth and finally have ¢; = 0° and a; = 65° . In the case of a; = 20°, on the other
hand, it is found that ¢., = 10.59°. It is also observed from Fig. 5 that larger initial microcrack size

o; = 20° results in lower critical load level p,, for microcrack growth.

Let us now fix the initial microcrack size a; = 10° and vary the fiber sizes and microcrack
number densities: (i) a = 0.05 in. and N/A = 40, and (ii) a = 0.1 in. and N/ A = 100, respectively.
The axial-stress vs. the axial- and lateral-strain responses are shown in Fig. 6. The changes in
overall elastic-damage compliances Sy, Sy; and S versus axial stresses are plotted in Fig. 7, 8
and 9. It is observed that S;; and S, increase as tensile stress level p increases. However, S, is

negative and decreases as the stress increases; i.e., |.S12| increases monotonically.

The above uniaxial tension tests are repeated for fixed initial microcrack size a,; = 20°. Again,
two sets of fiber sizes and microcrack number densities are considered: (i) a =0.05 in. and N/A =
40, and (ii) a = 0.1 in. and N/A = 100. The axial-stress vs. the axial- and lateral-strain responses

are shown in Fig. 10. The changes in overall elastic-damage compliances Sz2, S1; and S, versus
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axial stresses are plotted in Fig. 11, 12 and 13. Similarly, S,; and S;; increase as tensile stress level
p increases. In addition, Sy, decreases as the stress increases.

The above numerical simulations illustrate the potential capability of the proposed microme-
chanical damage models to qualitatively explain and quantitatively predict the overall stress-strain
behavior and compliance evolutions. Not a single fitted “material parameter” is employed in the
proposed model. It is also emphasized that the numerical tests presented in this section is for
“cleavage 1” damage processes. Thus, nucleation of new arc microcracks is not included. Fur-
ther, partially or entirely closed arc microcracks, or microcrack kinking (into the matrix) are not
incorporated into the present model. These issues will be topics of future research.
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I1.6. Conclusion

A micromechanical damage model is presented in this work, based on Toya’s (1974) microme-
chanics solutions and general damage mechanics framework, for uniaxially reinforced brittle ma-
trix fibrous composites. All microcracks are assumed to exist along the fiber/matrix interfaces, and
are modeled as arc microcracks under “cleavage 1” plane strain deformation processes. Thermody-
namic basis is rendered based on a fourth-rank damage tensor. Microcrack-induced inelastic strains
and elastic-damage compliances are analytically derived based on micromechanical bi-material arc-
microcrack opening displacements and probabilistic distributions of arc microcracks. It is noted
that the (plane strain) overall elastic-damage compliance matrix is non-symmetric. Both “station-
ary” and “process” damage models are given in the present work. In particular, microcrack kinetic
equations are given based on micromechanical fracture criterion and microstructural geometry in
a representative volume (area) element. Moreover, simple computational algorithms and a number
of uniaxial tension tests are presented to illustrate the potential capability of the proposed microme-
chanical damage model for fibrous composites. It is emphasized that the present work does not em-
ploy any arbitrary (fitted) “material constants”. The proposed framework can be readily extended
to account for biaxial tension loadings, as addressed in Remark 3.1. Issues related to microc-
rack interaction, closed microcracks, microcrack kinking, and microcrack nucleation mechanisms
warrant further studies in the future to extend the proposed method.
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I1.8. Figure captions

Figure 1. The local (primed) and global Cartesian coordinates, as well as the polar coordinates
at a typical arc point.

Figure 2. The axial-stress vs. the axial- and lateral-strain under different microcrack concen-
trations w (varying from O to 0.64). Note thatw = N(aa)?/A . The dotted lines are the undamaged
clastic stress-strain responses.

Figure 3. The overall compliance Sz, vs. microcrack concentration w for various stationary
damage model simulations. The dotted line is the elastic response.

Figure 4. The overall compliance S, vs. w for various stationary damage model simulations.

Figure 5. The axial-stress vs. the axial- and lateral-strain for two different initial microcrack
sizes: a; = 10° and a; = 20°. Note that a = 0.1 in. and N/A = 100. These are “process model”
simulations.

Figure 6. The axial-stress vs. the axial- and lateral-strain for two different fiber sizes and
microcrack number densities. Note that o; = 10°.

Figure 7. The overall compliance Sz, vs. the axial stress p for two different sets of e and N/A
values. Note that a; = 10°.

Figure 8. The overall compliance S); vs. the axial stress p for two different sets of a and N/A
values. Note that a; = 10°.

Figure 9. The overall compliance S;, vs. the axial stress p for two different sets of a and N/A
values. Note that a; = 10°.

Figure 10. The axial-stress vs. the axial- and lateral-strain for two different fiber sizes and
microcrack number densities. Note that a; = 20°.

Figure 11. The overall compliance Sz, vs. the axial stress p for two different sets of a and
N/A values. Note that a; = 20°.

Figure 12. The overall compliance Sy, vs. the axial stress p for two different sets of a and
N/A values. Note that a; = 20°.

Figure 13. The overall compliance S); vs. the axial stress p for two different sets of a and
N/ A values. Note that a; = 20°.




Figure 1. The local (primed) and global Cartesian coordinates, as well as the polar coordinates
at a typical arc point.



Figure 2. The axial-stress vs. the axial- and lateral-strain under different microcrack concen-
trations w (varying from 0 to 0.64). Note thatw = N(a)?/A . The dotted lines are the undamaged
clastic stress-strain responses.
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Figure 3. The overall compliance Sy, vs. microcrack concentration w for various stationary
damage model simulations. The dotted line is the elastic response.
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Figure 4. The overall compliance S)2 vs. w for various stationary damage model simulations.
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Figure 5. The axial-stress vs. the axial- and lateral-strain for two different initial microcrack
sizes: a; = 10° and o; = 20°. Note that @ = 0.1 in. and N/A = 100. These are “process model”

simulations.
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Figure 6. The axial-stress vs. the axial- and lateral-strain for two different fiber sizes and
microcrack number densities. Note that a; = 10°.
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Figure 7. The overall compliance Sz vs. the axial stress p for two different sets of a and N/A
values. Note that o; = 10°.
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Figure 8. The overall compliance Sy, vs. the axial stress p for two different sets of a and N [A

values. Note that o; = 10°.
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Figure 9. The overall compliance Sz vs. the axial stress p for two different sets of a and N/A

values. Note that o; = 10°.

00T=Y/N ‘Q01°0=®

0°0T 0°8

0b=¥/N sMO *O=®e
JDILSVYIdA

(IS31) ssang
0°9 0°F 0°2

0°0

Rt S —

09°0-

0

o

3

.

05°0- &

O

14

>~

S

&

=

2]

[

ov-0- L
0€ " 0-
L ]




Figure 10. The axial-stress vs. the axial- and lateral-strain for two different fiber sizes and
microcrack number densities. Note that ; = 20°.
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Figure 11. The overall compliance Sy, vs. the axial stress p for two different sets of a and
N/ A values. Note that o; = 20°.
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Fioure 12. The overall compliance Sy; vs. the axial stress p for two different sets 0
N/A values. Note that o; = 20°.

1.10

o
i ©
.
|
1
] i
[)
|
.
B o
- <
T~ — -
\\\h &)
~_____11 | \'&/
| £
| s 7
| 1
|
I . -
|
|
L l 1 ] " | l CD.
()
S S 3 o
— o o

(;-1SY) ¢-01 x 2duerdwo)

f a and

o

o

—i

I

<

~

Z

)

i

S

I

o

|

| o
|
<
~
<

ELASTIC
a=0.05,




compliance Sz vs. the axial stress p for two different sets of a and
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A Three-Dimensional Statistical Micromechanical

Theory for Brittle Solids with Interacting Microcracks

II1.0. Abstract

A three-dimensional statistical micromechanical theory is presented to investigate the
overall nonlinear mechanical responses of microcrack-weakened brittle solids. The macro-
scopic stress-strain relations of elastic solids with interacting microcracks are micromechan-
ically derived by taking the ensemble average over all possible realizations which feature the
same material mesostructural geometry. Approximate analytical solutions of a two-crack in-
teraction mode] are introduced to account for microcrack interaction among many random-
ly oriented and distiibuted microcracks. The overall effective compliances of microcrack-
weakened brittle solids are derived by further taking the volume average of the ensemble-
averaged stress-strain relations over the entire material mesostructural domain of a represen-
tative volume element. Moreon er, some special cases are investigated by using the proposed
framework and other existing methods. It is emphasized that no Monte Carlo simulations

are needed in the proposed framework.
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II1I.1. Introduction

The nonlinear mechanical responses of damaged solids due to the existence, growth, and
nucleation of microdefects (such as microcracks and microvoids) are of significant importance
to engineers, and have been the subject of many investigations. See Krajcinovic (1989) for
an excellent iiterature review on damage mechanics. For brittle materials (e.g. concrete,
rocks and ceramics), in particular, microcracks often control overall deformation and failure
mechanisms. To date, the only exact results derived for microcrack-weakened brittle solids
are for dilute microcrack concentrations, where microcrack interactions are entirely neglected.
These micromechanical damage models are called “Taylor’s models”; see, e.g., Krajcinovic

and Fanella (1986), Fanella and Krajcinovic (1988), and Ju (1990) for some recent works.

On the other hand, several approximate micromechanical analyses (“effective medium
methods”) were proposed in the literature to account for interaction effects of distributed
microcracks. For example, the “self-consistent method” (Hill (1965)) was first applied to
microcrack-weakened solids by Budiansky and O’Connell (1976) with special attention di-
rected to perfectly randomly distributed (isotropic) and weakly interacting microcracks. The
self-consistent method was further developed by Horii and Nemat-Nasser (1983) to take into
account the effects of closed microcracks undergoing frictional sliding. See also Sumarac and
Krajcinovic (1987, 1989), Krajcinovic and Sumarac (1989), Ju (1991), Ju and Lee (1991),
and Lee and Ju (1991). Christensen and Lo (1979) proposed a three-phase “generalized
self-consistent model”. The “differential scheme” was investigated by Roscoe (1952, 1973),
McLaughlin (1977), and Hashin (1988). Further, the “Mori-Tanaka method” was developed
by Mori and Tanaka (1973), Benveniste (1986), and Zhao, Tandon and Weng (1989). Based
on variational principles, Hashin and Shtrikman (1962, 1963) also proposed upper and lower

bounds for composites with inclusions.

Some comparisons and assessments for the self-consistent method, the generalized self-
consistent method, the Mori-Tanaka method, and/or the differential scheme were also pre-
sented by Horii and Sahasakmontri (1990), Laws and Dvorak (1987), Nemat-Nasser and Hori
(1990), and Christensen (1990, for pure shear load only). It is noted that effective medium
methods are only valid for weak or at most moderate microcrack concentrations. Overall
effective compliances as well as anisotropy due to microcracks can be estimated by effective

medium approximations.
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When microcrack concentrations are higher and microcrack spacings are closer, strong
microcrack interactions occur and effective medium theories are no longer appropriate. Em-
anating from this viewpoint, excellent strong microcrack interaction models were proposed
by Horii and Nemat-Nasser (1985), Hori and Nemat-Nasser (1987) for two-dimensional de-
terministic microcracks (not at the overall constitutive level), and by Kachanov and Mon-
tagut (1986), Kachanov (1987), Chudnovsky et al. (1987a,b), Montagut and Kachanov
(1988), Kachanov and Laures (1989), and Laures and Kachanov (1990) for two- and three-
dimensional deterministic (specified) arbitrary microcrack arrays (at the overall constitutive
level). Other literatures are cited and discussed in the reference papers. Moreover, the
important and valuable work due to Kachanov (1987), Kachanov and Laures (1989) rely
on Monte Carlo simulations of a large amount of deterministic microcrack arrays, and de-
pend heavily on large-scale computations to obtain local stresses of many randomly located
microcracks. Therefore, it is desirable to develop innovative and simple statistical microme-
chanical damage theories to account for interactions among randomly located and oriented
microcracks without using extensive random microcrack simulations and large-scale iterative

stress computations.

The purpose of the present work is to establish a three-dime.isional statistical microme-
chanical framework to predict overall effective moduli for brittle solids with many interacting,
randomly distributed microcracks. The proposed statistical framework considers the proba-
bility and conditional probability density functions of microcrack locations and relative con-
figurations. See Batchelor (1970), Hinch (1977), Willis (1977), Chen and Acrivos (1978a,b)
for references. In addition, the ensemble and volume averages of stresses, strains and com-
pliances are systematically constructed based on analytical micromechanics solutions and
statistical mechanics concepts. Therefore, statistical aspects are naturally embedded into
damage theories and macroscopic (averaged) constitutive equations. As a result, we do not
rely on heavy numerical stress computations or extensive Monte Carlo random simulations

involving hundreds of deterministic microcrack arrays.

It is emphasized that the proposed method is fundamentally different from that pro-
posed by Hudson (1980, 1981, 1986). Hudson’s method, though using the ensemble average
approach, is based on a second order stiffness theory and thus leads to irrational behaviors

for microcracked solids with moderate or high microcrack concentrations (see Sayers and
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Kachanov, 1991). That is, Hudson’s method is designed for small microcrack density. The

proposed approach is suitable for low, moderate or high microcrack concentrations.

A brief outline of this work is as follows. In section 2, an ensemble average approach to
derive damaged stress-strain relations is introduced. Approximate closed-form analytical so-
lutions are subsequently presented for the interaction problem of two aligned but arbitrarily
located penny-shaped microcracks. The overall moduli of a representative volume element
(unit cell) are then derived by further taking the volume average of ensemble averaged local
stress-strain relations over the entire (unit cell) domain at the mesostructural level in Sec-
tion 3. In Section 4, applications are made to a number of special cases. In particular, for
the dilute microcrack concentration case, the present approach recovers the well-known Tay-
lor’s model by neglecting interactions among microcracks. Further, for aligned penny-shaped
microcracks, the present method reveals that average tractions and overall compliances are
changed by the presence and interaction of 3-D microcracks. This result is relevant to fiber
breaking in unidirectionally reinforced fiber composites. Comparisons with the Taylor’s
model, the self-consistent method and the differential scheme are also presented. Finally,
higher-order microcrack interaction models within the proposed framework are discussed in

Section 5.
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II1.2. An ensemble average approach to 3-D aligned microcrack
interaction and effective moduli

We first review some basic background related to the concept of volume-averaged (mesostruc-

tural) stress and strain tensors within the context of a representative volume element (RVE)
or unit cell. The ensemble average of microcrack-induced strains and approximate analytical
solutions of two arbitrarily located and oriented microcracks are subsequently given. Overall
effective compliances of brittle solids with interacting microcracks are then derived within
the framework of statistical micromechanics. Following current literatures, it is assumed
that the volume-average stress & approximately equal to the far-field stress oo®. This typ-
ical assumption may be removed and significant further improvements are very promising.

These issues will be addressed in a forthcoming paper.

II1.2.1. Ensemble average of microcrack-perturbed stresses and s-
trains

Due to the existence and interaction of microcracks, local stresses and strains in the
matrix material are perturbed. The ensemble average approach hinges on the concept that
local stresses, strains and compliances (or stiffnesses) at a typical point within a RVE of a
microcrack-weakened solid can be obtained by averaging over the ensemble of all statistical
realizations of randomly distributed microcracks. Batchelor (1970), Batchelor and Green
(1972), and Hinch (1977) applied this approach to the study of fluid suspensions within
the framework of pairwise (second order) interaction. The ensemble average approach with
pairwise interaction was later applied to composite materials with interacting inclusions (in-
homogeneities) by Willis and Acton (1976), as well as Chen and Acrivos (1978a,b). Recently,
Ju and Chen (1990a,b) proposed two-dimensional (second order and higher) micromechan-
ical damage theories for brittle solids with interacting slit microcracks by employing the
ensemble average method and micromechanical fracture mechanics. It is noted that local

displacements, strains and stresses vary with positions within a RVE.

For simplicity, we consider a two-phase composite composed of a linear elastic matrix
and many penny-shaped microcracks. The local strain tensor at a point x within the RVE
takes the form:

€(x) =S8°: o(x) + €(x,C) (1)
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-

where € and o denote the local strain and stress, respectively; €* is the perturbed strain
due to the existence and interaction of microcracks; and C denotes the set of all possible
configurations of the microcracks. It is emphasized that € is zero if x is a point in the
matrix and non-zero if X is a point on the microcrack surfaces. Taking the ensemble average

over Eq. (1), we arrive at
(€)(x) = 8°: (o)(x) + (€7)(x) 2)

where the angle brackets () signify the ensemble average.

Throughout the development of this paper, for simplicity, we shall assume that the solid
is locally homogeneous (Hinch (1977)) and penny-shaped microcracks do not intersect one
another. Locally homogeneity implies that all probability density functions (PDF) do not
vary under small translation on a macroscopic length scale. It can be shown (Ju and Chen

(1990a)) that, in the case of microcracks, the perturbed strain can be expressed as
1 !
(€")(x) = f(x) L /s 5({lul®n +n@ul)(xix,6)/(¢) dgds (3)

Here, G = (a,n) indicates the microcrack length (radius) a and orientation n. Furthermore,
x’ denotes a point on the surfaces (S;) of a microcrack centered at x; f(x) is the PDF for a
microcrack being centered at x; [u] is the vector of microcrack opening displacements; and
f(G) is the PDF for a microcrack with a geometry G. If all penny-shaped microcracks are
aligned (parallel) and of equal size, then there is no variation in G. This could correspond to,
for example, microcracks generated by fiber breaks in unidirectional fiber composites (see,

e.g., Laws and Dvorak (1987)). In this event, Eq. (3) can be simplified as follows

(€)= 10 [ 5l ®n +n®ul)(xlx) ds (®)

It is well known that, for an open penny-shaped microcrack with radius a embedded in
an infinite linear elastic isotropic matrix, the microcrack opening displacements at x' (at a

distance p from the center of the microcrack) are:

z’f _ 81 -v?) 22 — 2 28
(B} -l 5, ) ®

where E and v = the Young’s modulus and Poisson’s ratio of the virgin matrix material,

respectively. Moreover, p, s and t = the 2-direction normal, the z-direction shear and the
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y-direction shear stresses projected on the microcrack surface in its local coordinates; see

Fig. 1 for a schematic plot.

If all (open) microcracks are aligned (parallel), then we can define n = (0,0,1)7. By
substituting Eq. (5) into (4) and carring out the integration, we obtain (assuming equal

microcrack size)

(€)0) = Fx) 3 —te® & (T) ©
where (the Voigt’s notation)
(e*) = Z;’ = 2((6553) f (7)
2(esr)
€6 \ 2(621:) J

In addition, g is the transformation matrix and T is the local stress vector:

0 090
0 0 0 p
2—- 0 0
g= OV 0 0 ’ T={§} (8)
0 0 2
0 2 0

In the event of distributed (nonuniform) microcrack lengths and orientations, similar expres-

sions can be constructed accordingly.

On the other hand, the local stress vector (T) can be shown to be (see Eq. (14) in

Sec. 2.2):
. Pz p
T=T°°+Ts{s°°}+{.§} (9)
1> t

Here, T> denotes the unperturbed local stress vector due to remote loading, and T denotes
the local stress perturbation due to three-dimensional microcrack interactions. In what
follows, attention is focused on pairwise (second order) microcrack interactions. Higher
order microcrack interactions will be discussed in Sec. 5. By assuming that all microcracks
are aligned with a chosen global coordinate system, the stress T* due to far field loads can

be expressed as

T® = Ko - 7 (10)
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where

Q
i 8

vy

(11)
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The ensemble average of local stress perturbation, on the other hand, takes the form (as-

suming uniform size and aligned orientation):
(D)) = [ (B)xlx) Sl dx (12)

where (T)(x|x;) = the ensemble-average stress perturbation for a microcrack centered at
x over the subclass of realizations having a microcrack centered at x;; and f(x;]x) = the
conditional PDF for finding a microcrack centered at x; given a microcrack centered at x.
Further, = designates the active (open) integration domain which depends on the loading

conditions.

The conditional PDF f(x;|x) can be simplified to f(x;) if microcracks do not intersect
and reasonable randomness holds (Hinch (1977)). The local homogeneity assumption enables
us to further approximate f(x;) by f(x). Therefore, Eq. (12) can be recast as:

(T)(x) = f(x) / () (xPxa) dx (13)

The quantity T(x(x;) corresponding to pairwise microcrack interaction will be the main

subject of Sec. 2.2.

II1.2.2. Approximate explicit solutions for pairwise interaction of

aligned microcracks

The objective of this section is to construct approximate closed-form ezplicit expressions
for perturbed stresses T due to two-microcrack interaction so that the ensemble-average
formalism proposed in Sec. 2.1 can be realized. It is possible, in principle, to derive expres-
sions for T in the interaction problem involving two 3-D, arbitrarily oriented and located
penny-shaped microcracks. However, the general solutions of two-microcrack interaction are
rather complicated and no reasonably compact closed-form explicit solutions are possible

(although numerical solutions are certainly feasible). Therefore, for demonstration purpose,
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attention will be foucused on explicit solutions of two randomly located, aligned (parallel),

equally sized, penny-shaped microcracks embedded in infinite linear elastic isotropic matrix.

The “pseudo-traction” method is adopted here to derive approximate expressions for T
since ezact solutions are not yet available. For mathematical simplicity, only the first term
of Taylor’s expansion of the local stress field is used to represent the average stress across the
microcrack surface. Higher order terms in polynomial expansions may be included if desired,
however, at the high cost of a much larger system of equations and much more complicated
analytical expressions. Stemming from a different viewpoint, the more accurate “transmis-
sion factor”-type formulation proposed by Kachanov (1987) is well suited for deterministic,
numerical computations. Within the framework of statistical ensemble average, nevertheless,

closed-form explicit solutions for stress-interaction are warranted.

Figure 1 shows the local coordinate systems for microcracks 1 and 2 of radius a. The
z-axis is chosen as the direction normal to a microcrack surface. In accord with the pseudo-
traction concept, the problem of two interacting microcracks subjected to far field stresses
can be decomposed into a homogeneous problem and two sub-problems (see also Ju and
Chen (1990a)). "n the homogeneous problem, a microcrack-free solid is subjected to applied
stresses at far field. In the sub-problem j (j = 1, 2), an infinitely extended solid contains only
one penny-shaped microcrack and is subjected to zero remote stress at infinity. Since stresses
vanish on microcrack surfaces (C;), the following boundary conditions must be satisfied (j
=1,2):

-Pi+pP+p=0 © -5 +sP+5=0 ; —4;+1°+1=0 (14)

In the first sub-problem (containing only ‘microcrack 1), let us define a cylindrical
coordinate system with the center of the ‘microcrack 1’ as its origin. Accordingly, the center
location of the ‘microcrack 2’ can be characterized by (p, ¢, 2); see Fig. 1. For convenience,

we shall introduce the following definitions:
01 =02+ 0y § 03 =0z — 0y — 2104 (15)

0, =0, 3 Ty =0z 410, (16)

If the surfaces of the ‘microcrack 1’ are subjected to applied normal stress p), then perturbed
J
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stresses at the ‘microcrack 2’ location are given by (Fabrikant (1989, p. 252-257)):
(1) 2 _ 2\1/2 2 (4 2(5,2 2 _aq,2
algl) 2p (1 +2v ) a( 22 ag) —sin™! (_‘i) + az [ll +a (230 + 2z a 23P )]
B-T; b (B - 15 - )
, 2p(1) al2e?$(]2 — g2)1/2 2% [a?(61% — 212 4 p?) — 514
agl) - 1 = 522 7 ) (1-2v)+ [ E 2 7 2112 )2 2]
T 23 -14) (13 - §)*(Z - a?)

oM _ 2pt) {a(l% —a?)1? — sin-! (2) _ a2’ [l + a*(2a* 4+ 227 — 3p2)]} ()
£ n B2 ly (3 = B)3(12 — a?)1/2
Ly _ 2 sl (5 — )2 (@4l — 557) + ]
=T T L(12 - 1?)3
where 1
L = 5{[(‘1 +p)2 + 22]1/2 _ [(a _ p)z + 22]1/2} (18)
I, = % {[(a + 9+ 22]1/2 + [(e—p)* + 22]1/2}

Furthermore, when the surfaces of the ‘microcrack 1’ are loaded by the combined shear
stresses 7() = s(1)4+4¢(1) then perturbed stresses at the ‘microcrack 2’ location are (Fabrikant
(1989, p. 257-261)):

2(7Me® 4 7(Me-i¢) 201+ )all(a2 — )2 21 (12 - a®)'/? [a?(412 - 5p%) + 1Y)
(2 - ) YT (B =B L(E— B
—26'.4’ 011(02 - I?)I/2 (1) 211(12 - 02)1/2 40 =(1) 2i¢ _ a (412 - 5p ) + Il (1) m 2"»} ]
~T2—7) {4(1" —E—n "t 12(12_12) T g T J
2(7Wei® + 7(Ne=) 21, (12 — a?)1/? [a®(412 — 5p%) + 1]
(2 - v) L(1Z - 12)3
2 ([ (B () 2 B e g 22 3]
m(2 - v) B-1i I (-3
2 _ 12)1/2 [02(612 — 922 + p2) _ 514] 12€2€¢
+ {va(i? — )2 + z(a 1 2 1 2 ] 1 _(1)}
et~ - 7Y TE-8)

(19)
where 7(1) is the complex conjugate of 7(!). The total perturbed stresses due to combined

normal loading p() and shear loading 7(!) are therefore obtained:

as Y _ (1) +a"(1) : agl) — a'gl) +a"gl)

(20)
o =o'V 40"V D=y
It can be shown that the Cartesian stress components are
o) = Lo el ol = L o - Reto)]
ag) = ‘79) : (1) - —Im(a(l)) (21)

o = Ine) 5 ot = It
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where “Re” and “Im” are the real and imaginary parts, respectively, of a complex variable.

Eq. (21) can be recapitulated into the following matrix form:

) [tk ate dih) )

Ozz 2

Ozy 2% =8 dg

o 2 2 t
vz b5 Cs J5

2z L b Ce de J

where definitions of the parameters ¥;, ¢;, and d; can be found in Appendix I. Symbolically,

we can express T7(1) as a function of coordinates and normal and shear stresses as follows:

VD = 7(p, 6,2, p1, 81, 1) (23)

Since microcracks 1 and 2 are aligned, the perturbed normal and shear stresses along

the surfaces at the ‘microcrack 2’ location are

ijz = ez . 1‘(1) . ez 3 o-ﬁl)

G=e,-7V.e, = aﬁ‘,’ (24)
fr=e, -1V .e,=0{)

where e,, e,, and e, are the unit base vectors in the Cartesian (z, y, and z) coordinates.

Similarly, in the sub-problem 2 (contairing only ‘microcrack 2’), it can be shown that

the perturbed normal and shear stresses along the surfaces at the ‘microcrack 1’ location are
=02 ; sH=-0@ ; =02 (25)

where symbolic representations similar to Eq. (23) and (24) have been employed:
@ = 1(p,7 — ¢, 2, p2, —52,12) (26)

Eq. (24) together with (25) then leads to

. (0 o o 8P =P 40 ]
2] o o o -0 & | (2
h{_{0o o o ) - 4@ t) (27)
% bﬂi’ & o 0 0 P
i B D g g 0 0 )
S ) S 0 0 |
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For convenience in the following derivations, let us define

D Py 1}1
81 sy° 5
T1_2 = 2 N T‘;o 2 = t(l:, s T]_z = El (28)
P2 - p3 ’ P2
S2 S§: S2

and a = the 6 x 6 matrix in Eq. (27). With these notations at hand, Eq. (27) can be
rewritten as

Tia=a T, (29)
Since Ty_, = T, + T,_2, T1_2 can be solved from Eq. (29)
Ti:=K.T®, ; where K=a-(I-a)! (30)

Further, we define T = (P1,31,11)T and K; = the first three rows of K. Hence, from Eq. (30),
the perturbed stresses on surfaces of a microcrack due to the existence of a second microcrack
are:

-~

T=K, T, (31)

Finally, since the two microcracks under consideration are aligned, it can be easily shown
that

Py 0 01 0 0 0] (%2
s 0 000 0 1oy,
o )L _100 0 0 1 0| )o=2|_ oo
T1_2 = p;o =lo 0100 0 0;; = Kg T (32)
s 00000 1}]|o
3 0 0001 0] o>

2x

From Eq. (32) and (31), we conclude that the average perturbed stress T over surfaces of a
microcrack is simply:

T=K.-7° ; where K=K, K, (33)

Substitution of Eq. (33) into (13) then renders realizations for (T) in the previous section.
Therefore, the ensemble average approach is completely defined. For non-aligned penny-

shaped microcracks, more complicated (though analogous) derivations will be involved.

II1.2.3. Some test problems for two-microcrack interaction

A number of test problems are considered in this section to examine the performance

of the approximate analytical solutions presented in Sec. 2.2. These include normal and
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shear loadings for two aligned coplanar or stacked penny-shaped microcracks. It is not
our intention, however, to propose highly accurate analytical solutions to compute local
stresses and stress intensity factors (SIFs) at all points on microcrack surfaces for a two-
microcrack interaction problem. Instead, reasonably accurate analytical average perturbed
stresses (in terms of elementary functions) over microcrack surfaces are sought in order to
exploit the ensemble average approach. In fact, if one is interested in deterministic 3-D
microcrack interaction, excellent numerical method has been proposed by Kachanov and
Laures (1989). It is noted that key steps in Kachanov and Laures (1989) method also focus
on the computation of average pairwise “transmission factors” and average tractions. Once
average tractions become known, one can certainly compute projected local stresses and SIFs
at any point on microcrack surfaces. In general, the simple analytical solutions presented in
Sec. 2.2 are not as accurate as those proposed in Kachanov and Laures (1989). Nonetheless,
the latter relies on extensive numerical computations of transmission factors for all points

on microcrack surfaces and is therefore not employed here.

It 1s emphasized that, given an existing microcrack, the location of the second microcrack
is random within the ensemble average framework. Although stress interactions between
two moderately spaced random microcracks are not very strong, their cumulative effects are
important due to high spatial probability. On the other hand, stress interactions between two
closely spaced random microcracks are strong yet their spatial probability is lower. Therefore,
contributions from both closely and moderately spaced microcracks should be accounted for
in the ensemble average approach. The ensemble-average spacing of microcrack arrays,

clearly, depends on microcrack concentration.

Case I: Two equal-size coplanar microcracks under normal loading. Though numerical
results for SIFs are available for two coplanar microcracks under normal and shear loadings
(Fabrikant (1987, 1989)), exact results for average tractions projected over microcrack sur-
faces are not documented. Nevertheless, Kachanov and Laures (1989) show that their results
for SIFs are very close to those of Fabrikant (1987, 1989) for two equal-size coplanar micro-
cracks. Therefore, the average tractions computed by Kachanov and Laures (1989) should
be quite accurate in the case of coplanar microcracks. The ratios of perturbed vs. far-field
average normal stresses (p/p™) are listed in Ta%le 1 for various [/2a values (the Poisson

ratio v = 0.25). Here, [ signifies the center-to-center distance between two microcracks and
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2a is the microcrack size. For example, [/2a = 1.00025 means that the smallest distance be-
tween microcrack tips is only 0.00025a. The results reported in Kachanov and Laures (1989)
and relative differences between the two results are also given in Table 1 for comparison.
From Table 1, it is clear that interaction renders average stress amplification. The effect of
microcrack interaction decays as the distance between two microcracks increases. Moreover,
the differences between our simple calculations and those of Kachanov and Laures (1989)

are very small in general.

Case II: Two equal-size coplanar microcracks under shear loading. The ratios of per-
turbed vs. far-field average shear stresses (7/7*) are listed in Table 2 for various {/2a
values (the Poisson ratio » = 0.5). From Table 2, it is seen again that interaction renders
average stress amplification. The differences between our simple calculations and those of

Kachanov and Laures (1989) are again rather small; see Table 2.

Case III: Two equal-size stacked microcracks under normal loading. The ratios of per-
turbed vs. far-field average normal stresses (p/p™) are listed in Table 3 for various //2a
values (the Poisson ratio » = 0.25). Obviously, from Table 3, interaction renders strong
average stress shielding. The degree of shielding in this case is much stronger than the degree
of amplification in Cases I or II. Fabrikant (1989) did not provide numerical results for SIFs
nor average stresses for two stacked microcracks under normal or shear loadings. Therefore,
exact results are not available. For comparison, the differences between our simple calcula-
tions and those of Kachanov and Laures (1989) are listed in Table 3. It is observed that the
difference is not very significant if //2a is greater than 0.5. The difference increases as the two
microcracks move closer, due to sharp variations of stress fields in the close neighborhood of

intere “ting microcracks.

Case IV: Two equal-size stacked microcracks under shear loading. The ratios of per-
turbed vs. far-field average normal stresses (/n™) are given in Table 4 for various l/2a
values (the Poisson ratio » = 0.25). From Table 4, interaction renders average stress shield-
ing when the distance ! is small and very weak siress amplification when [/2a > 0.5. The
differences between our simple calculations and those of Kachanov and Laures (1989) are
small for [/2a greater than 0.25; see Table 4.

Since pairwise microcrack interactions are random (probabilistic) within the framework
of the ensemble average approach, the errors associated with the present approximate anal-

ysis should be statistically averaged over all possible realizations. Therefore, the (pairwise)
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ensemble-average error of the present method should be small as long as the microcrack

concentration is not too high.
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II1.3. Effective moduli of brittle solids with interacting microcracks

With the ensemble average framework and analytical pairwise interaction solutions at
hand, we are now ready to construct the ensemble-average constitutive equations of brittle
solids with many randomly located, interacting microcracks. By substituting Eq. (10) and

(33) into (9) and taking the ensemble average, we arrive at

(T) = (Ko + f(x){K)) - 7 (34)

where
= / K dx; = /_ Kr?siny drdydf (35)

In the foregoing equations, it is implicitly assumed that all microcracks are of equal size and
of same orientation. In addition, the spherical coordinate system (r,1, 8) is used to describe
the random location (x;) of the second microcrack relative to the first random microcrack
centered at x. Note that i varies from 0 to = and 8 ranges from 0 to 2r. If we normalize r

with respect to the microcrack radius a (i.e., £ = r/a), then Eq. (35) can be recast as
(K) = a*(K) = a® / K¢2siny dédydo (36)

Combining Eq. (6), (34) and (36), we obtain the local ensemble-average damage-induced
strain (at a typical point x):

(e")(x) = (§7)(x) - 7 (37)

Here the ensemble averaged, damage-induced local compliance has two components:

(S7)(x) = (8"1)(x) + (87*)(x) (38)

where

(") (x) = #‘—”—;ﬂx)aag Ko

1-1%) g - (K
3E@ = )f(X)g(K)

It is noteworthy that Eq. (39) actually reveals physical nonlocal effects in constitutive equa-

(39)
(5)(0) = 31

tions through the ensemble averaging process. That is, the stress-strain laws at a material
point x within a RVE depend on the constitutive laws of all neighboring points. This is a

physical nonlocal approach, at variance with postulated nonlocal theories due to Eringen and
Edelen (1972).
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To obtain volume averaged moduli due to microcracks within a RVE, one simply applies

the volume-average operator to Eq. (38)-(39). As a consequence, we have

Ey=4 / (8°)(x) dx = [ / (S*1)(x) dx + / (8°2)(x) dx] (40)
where
(57 = }%;—V%g o GJVL(‘;‘_ (41)
67 = g ) aede L)
Let us assume that there are N microcracks in the RVE; i.e,
/V f(x) dx =N (42)

Further, consider the case in which the variance of the PDF (f(x)) for locations of microc-

racks is small (e.g., uniform probability). We may therefore write

[’ﬁ(x) dx ~ Lfl—f-(;)—dx] = -1:7/—2 (43)

Substitution of Eq. (42) and (43) intc (41) then leads to

2

(8+1) _——BE(Z—V)g.KOw

- (49
&7 = 3rae- (K)o
where ,
ws%"— (45)

is the (volume-average) microcrack concentration parameter. It is noted that (S*!) actually
corresponds to the first order contribution due to non-interacting microcracks; i.e., the simple
Taylor’s model is recovered. Moreover, {(S*2) represents the second order contribution due

to pairwise microcrack interaction.

Finally, the overall (volume-ensemble averaged) effective moduli for a microcrack weak-

ened solid is obtained by adding the elastic compliance S° to (S):

( ) =8°+(S*1) +(S°?) (46)
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In particular, in the case of 3-D linear isotropic elasticity, S° reads

1 —v —v 0 0 0
) —-v 1 -—v 0 0 0
o __ -v —v 1 0 0 0
=210 0o o 20+») o0 0 (47)
0 0 0 0  21+v) 0
0o 0 0 0 0 2l+v)

It is emphasized that the local macroscopic constitutive laws for a RVE are recovered by the

volume averaging process.
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II1.4. Some numerical examples

In this section, some numerical examples involving aligned microcracks are presented to
illustrate the proposed ensemble-volume average approach in three-dimension. In the first
example, effects of microcrack interactions are neglected and the well-known Taylor’s model
is recovered. Subsequently, the proposed second order (in microcrack concentration) micro-
crack interaction model is implemented. Finally, we compare the results of the present ap-
proach with some existing methods, including the Taylor’s model, the self-consistent method
and the differential scheme. Closed microcrack contributions to compliances are neglected

in this work.

II1.4.1. Dilute non-interacting aligned microcracks

Let us consider the case in which effects of microcrack interactions are totally neglected.

This can be done by simply dropping the term (S=2) in Eq. (46):

(S) = 8%+ (S*T) (48)

From Eq. (8), (11), and (44), we obtain

0 0 0 0 00
16(1 2) 0 0 0 0 00
. o —=viwi10 0 2—-v 0 0 O
SN=ZEz—y oo "0 000 (49)
00 0 0 2 0
00 0 00 2
Combination of Eq. (47) and (49) then yields
S9, SY, S% 0 0 0]
Sy S% S%h 0 0 0
e 15y 8% Sa 0 0 0
S) = [ P31 P32 933 50
Sr=17 ¢ o s 0 0 (50)
0 0 0 0 S5 0
L 0 0 0 0 0 Seel

where 1 = zz, 2 = yy, 3 = 22,4 = zy, 5 = yz, 6 = 2z (Voigt’s notation); S?J components

are given in (47), and _
Sa3 = S5 + S33

Sss = S5 + S (51)
§66 = 536 + S;é
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in which )
S‘l — Stl = 32(1 - V2) w
% = 76 = 3E(2 - )

It is observed that only the three compliance components in Eq. (51) are changed due
to the presence of randomly located, aligned, penny-shaped microcracks. One notes that
Eq. (50)-(52) indeed recover the well-known Taylor’s model. Further, the effective constitu-
tive equations belong to the category of transverse isotropy. This is typical of fiber breaks in

unidirectional reinforced fiber composites.

II1.4.2. Aligned interacting penny-shaped microcracks

We now focus on the proposed ensemble-volume averaged, pairwise interaction model.
For a given microcrack concentration w, the overall effective moduli in Eq. (46) can be eval-
uated by carrying out the integration in Eq. (36). That is, one needs to perform integration
for the matrix K over the active microcrack domain (£, ¥, 6). It is emphasized that the
values of K decay rapidly as the distance between a pair of random microcracks increase.

Therefore, compliance contributions due to remote integration region can be neglected.

The integration in Eq. (DC) can be effectively computed by the Gauss quadrature scheme
with three independent variables — £, ¢ and @; see Table 5 for convergence behavior. Our
numerical experiments show that use of {mar = 20 (OF Tmaz = 20a) is quite acceptable; i.e.,
contributions from the £ > 20 domain can indeed be neglected. In Table 5, the minimum
radius of integration for r (or £) is assumed to be rni, = 2a (or {min = 2). The only
nonzero components in (K) are simply (K)3), (K26) and {Kas) (the latter two are equal). It
is observed that the normal component ({K;3)) is much greater than the shear components
((f{25) and (I‘{35). Furthermore, use of rp;, = 2a implies that the minimum allowable
distance between any two microcrack centers is 2a. Thc «Jore, according to the “face-center
cubic” calculation, the maximum allowable w is 1/4\/5 ~ 0.1768 for r,;n = 2a. Note that
the maximum allowable microcrack density would be 0.741 if w is defined as 47 Na3/3V
(Budiansky and O’Connell, 1976).

To achieve higher maximum permissible microcrack densities, various minimum radii of

integration rn, are used to compute (K), see Table 6 for details. The value of {mar is
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chosen as 20.0 in Table 6. We observe significant increases in both (IA(13) and (1?26) as
&min decreases. The maximum microcrack concentration w corresponding to the £, = 1.1a
case is found to be 1.0627 (or 4.451 if the definition in Budiansky and O’Connell (1976) is
employed). It is emphasized that Table 6 is not a summary of convergence behavior, but a

display of (K) for different maximum allowable microcrack densities.

For convenience, let us define (f( 13) = k, and (f(gs) = (f(as) = k,. Therefore, according
to Eq. (8) and (44), we obtain

0 0 0 0 0 0
_— 0 0 0O . 0 0 ©
— 16(1—v?) ,|0 0 (2—-v)k, 0 0O
00 0 0 2k, 0
0 0 0 0 0 2k

Adding Eq. (53) to (50), we thus arrive at the expression for overall effective complaince with

second order microcrack interaction. Apart form the three compliance components (Sa3),

(Sss) and (Ses), it is seen that all other components are identical to the elastic components.
In particular, the three compliance components which change under microcrack interaction

take the following explicit forms:

16(1 — v?)

(S33) = S35 + —355— (w+ k")
Sor] = (aa) = 8% + 202 V) (1, 4 o o
(Ss5) = (See) = 55+m(w+ 2w”)

I11.4.3. Comparison with some existing methods

The effects of fiber breaks and aligned penny-shaped microcracks on the stiffness of
unidirectional fiber composites have been studied extensively in the literature. We refer
to Laws and Dvorak (1987) for excellent presentation by using the self-consistent method
and the differential scheme. It is noted that, in Laws and Dvorak (1987), the microcrack
density is defined as a = 8 Na®/V; i.e., their a is equal to 8w in this paper. The maximum
microcrack concentration considered in Laws and Dvorak (1987) is w = a/8 = 0.125. The
macroscopic (overall) material behavior is, not surprisingly, transversely isotropic. It should

be realized that the Taylor’s model, the self-consistent method and the differential scheme




A 3-D Statistical Micromechanical Theory 73

all belong to the category of “effective medium” approaches. Namely, theses methods do not

depend on the distributions of microcrack locations at all.

In the following numerical computations, the Young’s modulus Ej is taken as 0.5 MPa

and the shear modulus G as 0.2 MPa (v = 0.25) for the virgin matrix material. The overall

(ensemble-volume averaged) longitudinal normal and shear compliances, (Sa3) and (Sss), are
plotted against the microcrack concentration parameter w in Figures 2 and 3, respectively.
The values of k; and k; in Eq. (54) are taken as 1.049792 and 0.355988, respectively, which
correspond to {min = 1.1 (i.e., the maximum allowable density w = 1.0627). Note that, once
more, w = 1 corresponds to a = 8 in Laws and Dvorak (1987). For comparison, the results
obtained by using the Taylor’s model, the seli-consistent method and the differential scheme
are also displayed in Figures 2 and 3. We would like to comment that: (a) the Taylor’s
model is really suitable for dilute microcrack concentrations; (b) the self-consistent method
and the differential scheme are suitable for low or moderate w; and (c) the proposed statistical
pairwise microcrack interaction model is suitable for moderately high (not extremely high)

w.

Figures 4 and 5 show the effect of microcrack density w on the normalized longitudinal
Young’s modulus £ /Eg and shear modulus G /Gy for four different models. We have em-
ployed the standard notation: F; = @ and G = (Ss5). In addition, it is straightforward
to express the normalized moduli in Figures 4 and 5 as follows for the Taylor’s model

E; 1 . G 1
Go 1+42.2857lw

(55)

and for the present model

Ep 1 GL _ 1

(56)

Eo  1+45w(1+105w) ' Go 14 2.28571w(1+ 0.3560)
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III.5. Higher order ensemble-average formulation of microcrack in-
teraction

The statistical micromechanical model presented so far is based on the concept of pair-
wise microcrack interaction. This pairwise microcrack interaction mechanism essentially
corresponds to a second order damage theory since it involves terms of w?. The classical
Taylor’s model, on the other hand, is a first order microcrack theory since it involves only
terms of w. Within the context of the ensemble-volume average approach, one can system-
atically incorporate many-microcrack interaction mechanisms into the proposed ensemble
average framework (see Ju and Chen (1990. . In essence, one needs to re-derive the en-
semble average of the perturbation in local stress field due to n-microcrack interactions
(n > 3); see Eq. (9)-(12). That is, by formulating and computing higher order corrections on
local stress fields (T) due to neighboring microcrack interactions, one can construct higher

oder microcrack interaction models.

To illustrate the foregoing statements, let us consider a three-microcrack (third order in
w) interaction mechanism within the proposed framework of the ensemble-volume average
approach. For simplicity, we assume that all microcracks are aligned and of equal size.
Following the definitions and assumptions described in Section 2.1, one can 1ecapitulate the

local ensemble stress perturbation in Eq. (9):

(57)

3
g

. z p
(T)+(T)E({§Z})+(

where (T) is the first order local ensemble stress perturbation due to pairwise microcrack
interactions (see Eq. (9), (12)), and ('i‘) is the second order local ensemble stress perturbation
due to the higher (third) order microcrack interactions. In particular, ('i‘) can be expressed
as (cf. Eq. (12))

(@) = [l xalxin) dx (59)

Here, (’i‘)(x, X1/x2) is the second order ensemble-average stress perturbation of a microcrack
centered at x, given a microcrack centered at x;, over a subclass of realizations which have a
microcrack centered at x;. Further, f(x2|x;x;) is the conditional probability density function
(PDF) for finding a microcrack centered at x, given two microcracks fixed at x and at x;.

The conditional PDF f(x2|x;x;) can be further simplified to f(x) by the assumptions of local
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homogeneity and reasonable randomness (i.e. statistical independence). The active (open)

integration domain = depends on loading conditions and ranges of microcrack interactions.

The solutions of T (or the total stress vector T) for a system of three {(or many) arbi-
trarily located microcracks were previously investigated by Kachanov and Laures (1989). In
particular, Kachanov and Laures (1989) pursued extensive numerical computations to ob-
tain the “transmission factors” for local stresses. Alternatively, one can derive approximate
analytical closed-form solutions for T by following the procedures presented in Sec. 2.2 of

this paper.
For clarity, let us express T and (e*)(x) as follows (cf. Eq. (34), (37) and (38), assuming
local homogeneity and reasonable randomness):

(T) = (T= + T+ T) = (Ko + f(x)(K) + f2(x)(K")) - 7 (59)

(e (x) = {{8")(x) +(8™)(x) + (S)(x)} - 7 = (57)(x) - 7 (60)
where T = K’ - 7 and (cf. Eq. (39))

16(1 — v?)
3E(2 - v)

(8*)(x) f(x)a’g - Kq (61)

(§5x) = :13%(12_-':/))

(87%)(x) ——i‘;(‘z‘_”u))

In Eq. (63), we have defined (K') = 1/q° (K'). 1t is emphasized that both K, and K are

expressed ezplicitly in closed-form formulas. Similarly, K’ (or T) can also be constructed

F*(x)a’g - (K) (62)

F(x)a’ - (K') (63)

i

in closed-form as follows. One starts by expanding Eq. (14) into nine linear equations with
J = 1,2,3. Then, one obtains expressions similar to Eq. (22), with the understanding that
permutations 1-2, 2-3, 3-1 are involved. Eq. (24) in Sec. 2.2 is modified to include the third
microcrack’s contribution to stress perturbations. Subsequently, Eq. (27) is expanded to a
9 by 9 system with & denoting a 9 by 9 coefficient matrix. Therefore, we arrive at explicit
formulas similar to Eq. (30)-(33); and K’, T can be expressed in closed-form as in the two-
microcrack interaction problem. Finally, it is noted that the computation of (K') involves
integration over the domain of all possible positions of two active neighboring microcracks
{cf. Eq. (36)).
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Following the standard procedures presented in Sec. 3, it can be shown that (S*3) in
Eq. (39) introduces the third order terms (in w?®) to overall compliance due to third order
microcrack interactions. Therefore, a third order statistical micromechanical model can be
actually constructed. By repeating the foregoing procedures, we can formulate a complete

(though very complicated) hierarchical family of statistical microcrack theories of arbitrary

(desired) orders.
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I11.6. Conclusions

An innovative three-dimensional statistical micromechanical theory for microcrack-weakened
brittle solids is presented based on the concepts of ensemble-volume average and pairwise
microcrack interaction. A physically “nonlocal” description of the material behavior can
be obtained during the ensemble average process. The overall compliances of microcrack-
weakened brittle solids are derived by performing ensemble-volume averaged integration over
the entire domain of a representative unit cell. To account for microcrack interaction effects,
the ensemble average integration is performed over a finite “interaction radius”. The pro-
posed approach is fundamentally different from existing effective medium methods which do
not depend on locations and configurations of microcracks, Further, the proposed microcrack
interaction framework does not require the use of Monte Carlo simulation. Some numercal
examples are given to illustrate the proposed model. The resulting predictions are compared
with other existing methods. Higher order microcrack interaction formulation is also briefly

presented.
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Table 1. Two equal-size coplanar microcracks under normal loading (v = 0.25)

[/2a  Present Kachanov Difference(%)

1.00025 1.0354 1.0837 4.46
1.005 1.0348 1.0779 4.00
1.05 1.0296 1.0529 2.21
1.1 1.0251 1.0398 1.41
1.15 1.0215 1.0315 0.97
1.25 1.0161 1.0214 0.52
1.5 1.0088 1.0104 0.16
2.0 1.0035 1.0038 0.03

2.5 1.0018 1.0019 0.01
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Table 2. Two equal-size coplanar microcracks under shear loading (v = 0.5)

1/2a Present Kachanov Difference(%)

1.005 1.0681 1.1017 3.05
1.05 1.0580 1.0703 1.15
1.25 1.0317 1.0292 0.24

1.5 1.0174 11144 0.30
1.75 1.0106 1.0084 0.22
2.0 1.0070 1.0054 0.16
2.5 1.0035 1.0026 0.09

3.5 1.0013 1.0006 0.07
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Table 3. Two equal-size stacked microcracks under normal loading (v = 0.25)

[/[2a Present Kachanov Difference(%)

0.05 0.5004 0.5583 10.37
0.25 0.5383 0.6689 19.52
0.35 0.5836 0.7158 18.47
0.5 0.6667 0.7777 14.27
0.75 0.7928 0.8562 7.40
1.0 0.8754 0.9073 3.52

1.5 0.9505 0.9588 0.87
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Table 4. Two equal-size stacked microcracks under shear loading (v = 0.25)

1/2a

Present Kachanov

Difference(%)

0.05
0.25
0.5
0.75
1.0
1.25
1.5
2.0
2.5

0.5549
0.8214
1.0002
1.0233
1.0180
1.0120
1.0080
1.0039
1.0021

0.6613
0.8886
0.9837
1.0053
1.0084
1.0072
1.0055
1.0031
1.0026

16.09
7.56
1.68
1.79
0.95
0.48
0.25
0.08
0.05
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Table 5. Convergence behavior of (K) vs. £maz (given Emin = 2)

§maz = Tmaz/a (f{ls) (st) = (kas)

4.0 0.150807 0.059503
6.0 0.168554 0.066656

8.0 0.173029 0.068467
10.0 0.174644 0.069121
20.0 0.176139 0.069728
40.0 0.176327 0.069804
80.0 0.176351 0.069828
160.0 0.176354 0.069829
320.0 0.176354 0.069829

640.0 0.176354 0.069829
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Table 6. Numerical integration of (K) for different {min (given émar = 20)

€min = Tmin/a (Rls) (f(zs) = (kss)
2.0 0.176139 0.069728
1.75 0.305726 0.105974
1.5 0.601154 0.195689
1.25 0.850189 0.281202
1.125 0.975302 0.327491
1.1 1.049792 0.355988
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II1.8. Appendix I: Parameters for Eq. (22)

The parameters b;, ¢; and d; in Eq. (22) can be shown to be:

2

b= [(1 +20)k + “ikz]
n 92
2 22

b; = —ag; | (1 — 2v)ky + —k3| cos2¢
n 92
2 az?

by = 2 [k, - _k,]
n 92
2 ., 22 7.

by = —ag; | (1 — 2v)ky + —k3| sin2¢
n 92

2 :
bs = —;zgzgah sin ¢

2
b6 = —;2g2g3k4 COs ¢

¢ = fzcos¢

c2 = fgcos ¢ + fscos 3¢ + fe(cos ¢ + cos 3¢)
c3 = fysing + fssin34 + fe(sin 3¢ + sin ¢)
¢4 = —2fgcos ¢

cs = fr+ fscos2¢

cs = fasin2¢

d, = f3sin¢

d; = —fysin@ + f5sin3¢ + fe(sin 3¢ — sin @)
d3 = fycos ¢ — fscos3¢ + fe(cos $ — cos 3¢)
dy = —2f¢sin ¢

ds = fssin2¢

de = fr — fscos2¢

(64)

(65)

(66)
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where

-5
h= .
-9
fa= p
fa= 1r(2—8_;)- [=2(1 + v)ags fi + 29293k4)
8(1 —v)

fa= —rz_-;)'agafl

8 (67)
fs= —ngafzgf
2
fe= mlgzgakq
2 1
fr= = (kl + 5 u291k2)
2
fs= mgg("afz + zg1k3)
— (A2 12 1/2
g = (a® - 1)
g2 = (I - a®)'/?
l
gs=17 (68)
2
a
94 = 7;
gs = l§ - lf
ky = af, —sin~!(g,)
v I+ a?(2a% + 222 - 3p?)
2 -—
93
b o a?(612 — 212 4 p?) — 514 (69)
gs
o B =5 1

'
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II1.9. Figure captions

Figure 1.
Figure 2.
Figure 3.
Figure 4.

Figure 5.

Coordinate systems for two microcracks.

Comparison of overall longitudinal normal compliance (S33).
Comparison of overall longitudinal shear compliance (Sss).

Comparison of normalized longitudinal Young’s modulus.

Comparison of normalized longitudinal shear modulus.
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